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Annomayun. B smoii cmamvbe npedcmasiieHvl HeKomopwvle KOHYenyuu
pasznodicenus: pynxyuti 8 pso Tetinopa npu Hexomopom 3uavenuu. Kpome moeo,
npeocmaeietvl cxooumocmu psaoamu Tetinopa u ananuz obracmu cxooumMocmu.
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Annotation. This article presents some concepts of Taylor series expansion
of functions for some value. In addition, Taylor series convergence and
convergence domain analysis are presented. Here we shall describe some of the
simplest examples of domains in the space C™. As usual, a domain is an open
connected set, where openness means that along with any point of it the set also
contains a neighborhood of that point, and connectedness of an open set D means
that, for any points z',z"e D there exists a continuous are

y:[0,1] = d
for which
y(0)=zand y(1) =2z"
Key words: degree series, several variables, complex numbers, point,

function.

One of the main theorems of the theory of a complex variable is
Theorem: Let f € O(D) and let z0 € D be an arbitrary point in D. Then the

function f may be represented as a sum of a convergent power series

oo}

f) =) enlz— 20"

n=0
inside any disk U = {lz — z,| <R} c D.
Proof. Let zeU be an arbitrary point. Chooser > 0sothat|z—z 0| <r <
R and denote by {y,. = ¢ : |¢ — z| = r}. The integral Cauchy formula implies that

f(2) = ds.

2mi) ¢—z

1 Jf(c)

in order to represent f as a power series let us represent the kernel of this integral

as the sum of a geometric series:

e}

zZ— z(,)]‘l B (z = zp)"

s—z/l  Li(s—z)™tt

—=[-w(1-

s—z
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We multiply both sides by Zim f(¢) and integrate the series term-wise along ;..

The series converges uniformly on y,. since
Z — ZO
S— 2o

for all cey,. Uniform convergence is preserved under multiplication by a

_ |z — 2|

=q<1
. q

continuous and hence bounded function ﬁ f (). Therefore our term-wise

integration is legitimate and we obtain [1-7]

(00]

f(S)dg n n
Zﬂlf (q 7 )TL+1 _ZO) =ch (Z_ZO)

n=0

where

o oL j f(9)ds =01
" 2mi) (G- zo)™t!
D

Definition: The power series with coefficient given by is the Taylor series of
the function f at the point z, (or centered at z).

The Cauchy theorem implies that the coefficients c,, of the Taylor series
defined by do not depend on the radius r of the circle y,.,,0 < r < R.

Exercise 1. Find the radius of the largest disk where the function z / sin z
may be represented by a Taylor series centered at z, = 0.

Exercice 2. Let f be holomorphic in C. Show that (a) f is even if and only
if its Taylor series at z = 0 contains only even powers; (b) f is real on the real axis
if and only if £(2) = f(z) for all z € C. We present some simple corollaries of
Theorem [7-13].

The Cauchy inequalities. Let the function f be holomorphic on a closed
disk U={|z— 2z, <7} and let its absolute value on the circle y, = dU be
bounded by a constant M. then the coefficients of the Taylor series of f at z, satisfy
the inequalities

lc| <M/r* (n=0,1,..)

https://scientific-jl.com/luch/ 212 Yacmp-38_ Tom-2_ Despanb-2025



https://scientific-jl.com/luch/

ISSN:
3030-3680

JAVYHIUIHE HHTE/UVIEKTYAJIBHBIE HCC/IE/OBAHUA

Proof. We deduce from exercise 1 using the fact that |f(¢)| <M for all

CEYy:
1 M M
ETYH—l 2r = T_n

Exercise 3. Let P(z) be a polynomial in z of degree n. Show that if

lcal <

|lp(z)| < M for |z| = 1 then |p(2)| < m|z|" forall |z| = 1.
The Cauchy inequalities simply the interesting.

Theorem . (Liouville) If the function f is holomorphic in the whole complex
plane and bounded then it is equal identically to a constant.

Proof. According to theorem the function f may be represented by a Taylor

f2) = i Cpz"
n=0

in any closed disk U = {|z|] <71}, r < oo with the coefficients that do not depend

series

on R. Since f is bounded in C, say |f(z)| < M then the Cauchy inequalities imply
that for any n = 0,1, ....we have |c,,| < M/R™ We may take R to be arbitrary
large and hence the right side tends to zero as R — +oco while the left side is
independent of R. Therefore the two properties of a function-to be holomorphic and
bounded are realized simultaneously only for the trivial functions that are equal
identically to a constant [10-25].

Theorem: If a function f is holomorphic in the closed complex plane C then
it is equal identically to a constant.

Proof. If the function f is holomorphic at infinity the limit lim f(z) exists
Z — 00

and is finite. Therefore f is bounded in a neighborhood U = {|z| > r} of this point.
However, f is also bounded in the complement U¢ = {|z| <r} since it is
continuous there and the set U¢ is compact. Therefore fis holomorphic and

bounded in € and thus Theorem implies that is equal to a constant.
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Theorem: Claims that any function holomorphic in a disk may be
represented as a sum of a convergent power series inside this disk. We would like
to show now that, conversely, the sum of a convergent power series is a
holomorphic function. Let us first recall some properties of power series that are
familiar from the real analysis.

Lemma: If the terms of a power series

(00

Y aG-ar

n=0
are bounded at some point z,ec, that is
lc,(zo —a)*| <M, (n=0,12..)

Then the series converges in the disk U = {z: |z — a| < |z, — al|}. Moreover, it
converges absolutely and uniformly on any set K that is properly contained in U.

Proof. We may assume that z, # a, so that |z, — a| = p > 0, otherwise the
set U is empty. Let K be properly contained in U, then there exists g < 1 so that
|z—al/p<qg<1forall ze€ U. Therefore forany z€ K andany n € N we
have
|c™(zy — a)| < |c|p™p™. However, assumption implies that |c|p™ < M so that the
series is majorized by a convergent series M ).>°_, q,, for all z € K. Therefore the
series converges uniformly and absolutely on K. This proves the second statement
of this lemma. The first one follows from the second since any point z € U belongs
toadisk {|z —a| < p'} with p’ < p, that is properly contained in U.

Theorem: (Abel) Let the power converge at a point z, € C. Then this series
converges inthe disk U = {z: |z —a| < |z, — al} and, moreover, it converges
uniformly and absolutely on every compact subset of U.

Proof. Since the series converges at a point z, the terms c,(z, —
a)™converge to zero as n — oco. However, every converging sequence is bounded,
and hence the assumptions of the previous lemma are satisfied both claims of the

present theorem follow from this lemma [12-25].
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The Cauchy — Hadamard formula. Let the coefficients of the power series

satisty
_ 1
lim sup|c,|" = =,
n—>00 R

with 0 < r < o. Then the series

e}

Y G -ar

n=0
converges at all z such that |z — a| < R and diverges at all z such that
|z—al| > R.

Proof. Recall that A = lim supa,, if there exists a subsequence a,, — Aas

n—->0oo

k — oo, and for any & > 0 there exists n € N so that a,, <a + ¢ for all n >
N. This includes the cases A = +oo. However, if A = 4+oco then condition is not
necessary, and if A = —oo then the number A + € in condition is replaced by an

arbitrary number. It is shown in real analysis that lim supa, exists for any
n—>oo

sequence a,, €.

Let 0 < r < oo, then for any & > 0 we may find N such that for alln >

N we have |c,|V/™ < %+ &. Therefore, we have [11-25]
1 n
e, (z — a)"| < {(ﬁ + e) Iz — a|} |

Furthermore, given z € C such that |z — a| < R we may choose € so small that we
have (% + s) |z—a| = q < 1. Then shows that the terms of the series are

majorized by a convergent geometric series g™ for n > N, and hence the series
converges when |z — a| < R.

Condition in the definition of lim supa, implies that for any ¢ > 0 one

n—>0oo

|1/Tl

. 1
may find a subsequence c,, so that |an > =€ and hence

ng

|en, (z — a)™| > {(% — e) |z — al}
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Then, given z € C such that |z — a|] > R we may choose € so small that we have

(% — e) |z — a| > 1. Then implies that |c,,, (z — a)™| > 1 for all k and hence the

n —th term of the power series does not vanish as n — oo so that the series diverges
|z—al| > R.

We leave the proof in the special case R = 0 and R = oo as an exercise for
the reader.

Definition. The domain of convergence of a power series is the interior of

the set E of the points z € C where the series converges.
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