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Ob OBJIACTHU CXOANUMOCTHU KOMIIVIEKCHBIX PA10B

Annomauyun. B cmamve uzyuaromes cmenenmvle psaovl ¢ KOMNJIEKCHbIMU
nepemMeHHbiMU U obaacmv ux cxooumocmu. Ilpusedenvi nexomopwvie ceoilicmea
cxoosawuxcs psi0os. Mzyuen paouyc nooxooa 20pu3oHmanbHo20 psaod.

Knwueswie cnosa: nepemennas, paouyc cxooumocmu, GyHKyus, 20aiomopa,

Odomenwvl Petinxapoma.

Lemma. If the function f is holomorphic with respect to each variable z,
in the polydisc
u=u(a,r)
and bounded in U, then it is continuous at each point of U with respect to the set of
all the variables.
Proof. Let z% z € U be arbitrary points. We write the increment of f as a

sum of the increments with respect to the individual coordinates
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£ - £z ——Z{f(zl,... 21 Zus s Z) = (2, 20 s 7))

and consider the vth summand as a function ¢, of the variable z, with the
remaining values of the argument being fixed. If [f| < M/2 in U, then the function
@, satisfies the hypotheses of Schwarz’s lemma in the form just given, and,

applying inequality to each term of the sum (f(z) — f(zo)), we will find that

(GORNE MZ

The assertion follows from this.

_szvl

Thus, to prove Hartogs’s theorem it remains to prove the bounded in some
polydisc with center at a of a function that is holomorphic with respect to each
variable. We not that the bounded in some polydisc, not necessarily with center at
a, follows solely from the continuity of f in the separate variables. This fact
forms the content of what is called lemma.

Lemma. We represent the polydisc
U={z€Cn: ||z||<R}
as a product of
U={zec™ ||| <R}
by the disc
U,=1{z,€C:|z,| <R}
If the function f(Z’,z,) is continuous with respect to z’ € U, then there exists a
polydisc
w=wXu,cU
in which £ is bounded.
Proof. For fixed z € U we write
M(z') = max|f(z, z,)|
and consider the sets
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E,={z €eU:M(z") <m}

These sets are closed, since if
AGN= E,, (u=12,..) and zW - 7,
then z' € E,,,. Obviously, the E,,, from an increasing sequence and any point z'eU
belongs to all the E,,, beginning with one of them. There exists an E,,, containing
some domain g’ < U’. In fact, otherwise all the E,,would be nowhere dense, but
then in U’ there would exits a ball B? not containing any points of E,, and so
on. Thus, there exists a domain G’ in which
If(z,z,)l <M
forany z, € U,. It remains to choose a polydisc
w' ={z'||z' - 2°|| < r}

in G, and then we will have

IfI<M in w=wXxU,.

Lemma. If the function f(z’,z,) is holomorphic with respect to z’ in V
forany z, € U, and holomorphic with respect to z in w, then it is holomorphic
in the entire polydisc V.

Proof. Without loss of generality we may assume a’ = 0. For any fixed
z, €U, andany z' € V' the function f is represented with respect to z' by the

convergent power series

f) =) alz@",

|k|=0
where

k=(ky...k,_q).
The coefficients of this series

1 9% £(0,z,)
ck(zn) = 0 a7k

are holomorphic in the disc U,, as derivatives of a function that is holomorphic in

z,,. Therefore the function
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“(_llnlck(zn)l

are subharmonic in U,,.
We choose an arbitrary number p < R since forany z, € U,
|ck(z)lp" > 0
as |k| — oo, thenforany z, € U,, thereis a |k| beginning with which we will have

1

o In|cy(z,)| +Inp <0, i.e,

I%}Lnooﬁlnlck(zn)l <In >
Now we use the holomorphy of f in W; fis bounded in W, and the Cauchy
inequalities

|k ()l < M

hold for any z, € U,. Therefore forany z, € U, and any |k|

ML/ Ikl
<A.

—In|c,(z,)| < Ln
|k| | k( Tl)l

Thus these subharmonic functions satisfy the hypotheses of the lim-sup
theorem. By this theorem for any w < p one can find a number k, such that for
all

|k| >k, andall z,,|z,| < w,

we have

mlnlck(zn)l = lna;

e (z) o < 1.

From this is follows that the series converges uniformly in any polydisc
U(0,w"), 0w < w;

but the terms of this series are continuous in z, so that the sum f of the series is

also continuous, and hence is bounded in U(0, w"). This polydisc can be assumed

https://scientific-jl.com/luch/ 90 Yacmp-45 Tom-4_ Maii-2025


https://scientific-jl.com/luch/

ISSN:
3030-3680

JAVYHUIHE HHTEJIVIEKTYAJIBHBIE HCC/IAE/IOBAHHA

to be arbitrarily close to I/, and since V from the very beginning could be increased
a little, then f is bounded, it is holomorphic in V.

Hartog’s Theorem. If the function f is holomorphic at any point of the
domain D < C™ with respect to each of the variables z,, then it is holomorphic
inD.

Proof. If suffices to prove the holomorphy of f at an arbitrary point z, €
D, and without loss of generality we may assume that z, = 0. Thus, suppose f is
holomorphic with respect to each variable in the polydisc U(0, R) we must prove
that it is holomorphic in some polydisc with center at 0.

We shall prove this assertion by induction on the number of complex
variables. For one variable it is trivial; assume that it is true for functions of

(n — 1) variables, and we let

U = U(0,R/3).
Now we consider the polydisc
V=V xU,,
where
V' =U(a,R)
Obviously,
V< U(o,R),

and hence f is holomorphic with respectto ‘zin V forany z, € U, and by what
we just proved it is holomorphic with respect to z in W. By Hartog’s lemma it
follows from this that it is also holomorphic with respect to z in V, which already
contains the point z = 0. Thus the assertion is proved also for functions of n
variables.

Here we consider basic questions related to series expansions of

holomorphic functions.
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Power series. In subsection we proved that any function that is
holomorphic in the polydisc U(a,r) can be expanded in this disc in a multiple
power series with center at a. The question series concerning the set of points of
convergence of this series. By analogy with functions of one variable one wants to
expect that this set will be the polydisc, completed by some set of boundary points.
However, very simple examples show that the situation is quite different.

Definition. The domain of convergence of the power series

oo
ck(z — @)X
IkT=0

is the interior S” of the set S of points z € C™ at which this series converges for
some ordering of its terms.
Theorem. If the point z° belongs to the domain of convergence S of the
series, then the closed polydisc
U={zeC": |z, — a,| < |20 — a,|}
also belongs to S’ and the series converges absolutely and uniformly in U.
Proof. Since z° € S’ and S’is open, there exists a point ¢ € S’ such that
ls, —a,| > |20 —a,|, v=12,..,n,
and the series converges at this point. Since
Ucc{zel": |z, —a,| <5, —ayl},
then by Abel’s lemma the series converges absolutely and uniformly in U.
Theorem 1 can also be formulated as follows: the domain of convergence
S’ of the series is a complete Reinhardt domain with center at a. Thus, complete
Reinhardt domains play the same role in the case of functions of several variables
as disc do in the case of one variable. This analogy is stressed by the following
theorem.
Theorem. Any function f that is holomorphic in a complete Reinhardt
domain D c C™ with center at a is represented in this domain by the Taylor

expansion

https://scientific-jl.com/luch/ 92 Yacmp-45 Tom-4_ Maii-2025



https://scientific-jl.com/luch/

ISSN:
3030-3680

JAVYHUIHE HHTEJIVIEKTYAJIBHBIE HCC/IAE/IOBAHHA

e}

f) =) alz—a

k=0

Proof. Let z° be an arbitrary point of D. Then the polydisc

U={lzy—a,| <|z) —ayl} c= D

and by Theorem 2 of the function f is represented in U by a Taylor expansion
centered at a. The coefficients of this expansion are computed via the derivatives
of f at a, and hence, coincide with ¢, i.e., this expansion is the same as theorem
1. A natural question arises: is every complete Reinhardt domain the domain of
convergence of some power series [1-27].

Definition. We denote by

z - Mz) = (In|z,], ..., In|z,])
a mapping of the set
fzeC": z; ..z, # 0}

into the space R™. The logarithmic image of a set M < C" is the set M* = A(M,).
The set M is said to be logarithmically convex if its logarithmic image M* is a

convex setin R™.
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