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ОБ ОБЛАСТИ СХОДИМОСТИ КОМПЛЕКСНЫХ РЯДОВ 

 

Аннотация. В статье изучаются степенные ряды с комплексными 

переменными и область их сходимости. Приведены некоторые свойства 

сходящихся рядов. Изучен радиус подхода горизонтального ряда. 

Ключевые слова: переменная, радиус сходимости, функция, голоморф, 

домены Рейнхардта. 

 

Lemma. If the function 𝑓 is holomorphic with respect to each variable   𝑧𝑣  

in the polydisc   

𝑢 = 𝑢(𝑎, 𝑟) 

and bounded in U, then it is continuous at each point of U with respect to the set of 

all the variables. 

 Proof. Let 𝑧0, 𝑧 ∈ 𝑈  be arbitrary points. We write the increment of 𝑓 as a 

sum of the increments with respect to the individual coordinates 
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𝑓(𝑧) − 𝑓(𝑧0) == ∑{𝑓(𝑧1
0, … , 𝑧𝑣−1

0 , 𝑧𝑣, … , 𝑧𝑛) − 𝑓(𝑧1
0, … , 𝑧𝑣

0, 𝑧𝑣+1, … , 𝑧𝑛)}

𝑛

𝑣=1

 

and consider the vth summand as a function 𝜑𝑣 of the variable 𝑧𝑣 with the 

remaining values of the argument being fixed.  If |𝑓| ≤ M 2⁄  in U, then the function 

 𝜑𝑣 satisfies the hypotheses of Schwarz’s lemma in the form just given, and, 

applying inequality to each term of the sum (𝑓(𝑧) − 𝑓(𝑧0)), we will find that  

|(𝑓(𝑧) − 𝑓(𝑧0))| ≤ M ∑ 𝑟𝑣

𝑛

𝑣=1

|𝑧𝑣 − 𝑧𝑣
0|

|𝑟𝑣
2 − 𝑧𝑣

0̅̅ ̅𝑧𝑣|
. 

The assertion follows from this. 

           Thus, to prove Hartogs’s theorem it remains to prove the bounded in some 

polydisc with center at a of a function that is holomorphic with respect to each 

variable. We not that the bounded in some polydisc, not necessarily with center at 

a, follows solely from the continuity of   𝑓   in the separate variables. This fact 

forms the content of what is called lemma. 

              Lemma. We represent the polydisc  

𝑈 = {𝑧 ∈ С𝑛 ∶  ||𝑧|| < 𝑅} 

as a product of  

𝑈 = {𝑧′ ∈ 𝐶𝑛−1: ||𝑧′|| < 𝑅} 

 by the disc  

𝑈𝑛 = {𝑧𝑛 ∈ 𝐶 ∶ |𝑧𝑛| < 𝑅}. 

If the function   𝑓(𝑧′, 𝑧𝑛)   is continuous with respect to 𝑧′ ∈ 𝑈,̅   then there exists a 

polydisc 

𝑤 = 𝑤′ × 𝑢𝑛 ⊂ 𝑈 

in which 𝑓 is bounded. 

 Proof. For fixed  𝑧 ∈ 𝑈̅  we write  

M(𝑧′) = 𝑚𝑎𝑥|𝑓(𝑧′, 𝑧𝑛)| 

and consider the sets   
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E𝑚 = {𝑧′ ∈ U ̅: M(𝑧′) ≤ 𝑚}. 

These sets are closed, since if 

𝑧(𝜇) ∈ 𝐸𝑚, (𝜇 = 1,2, … )  and   𝑧(𝜇) → 𝑧, 

 then  𝑧′ ∈ 𝐸𝑚. Obviously, the 𝐸𝑚 from an increasing sequence and any point  𝑧′𝜖U̅  

belongs to all the  E𝑚  beginning with one of them. There exists an E𝑚 containing 

some domain g′ ⊂ U′.  In fact, otherwise all the E𝑚would be nowhere dense, but 

then in  U′  there would exits a ball   B̅2  not containing any points of   E2, and so 

on. Thus, there exists a domain G′  in which   

|𝑓(𝑧′, 𝑧𝑛)| ≤ M 

for any  𝑧𝑛 ∈ U𝑛.  It remains to choose a polydisc  

𝑤′ = {𝑧′||𝑧′ − 𝑧0|| < 𝑟} 

in G′,  and then we will have  

|𝑓| ≤ M    in   𝑤 = 𝑤′ × U𝑛. 

            Lemma. If the function  𝑓(𝑧′, 𝑧𝑛)  is holomorphic with respect to 𝑧′  in 𝑉̅  

for any   𝑧𝑛 ∈ 𝑈̅𝑛  and holomorphic with respect to 𝑧 in  𝑤̅, then it is holomorphic 

in the entire polydisc  𝑉̅. 

            Proof. Without loss of generality we may assume 𝑎′ = 0.  For any fixed  

𝑧𝑛 ∈ U𝑛  and any   𝑧′ ∈ V′  the function 𝑓  is represented with respect to 𝑧′ by the 

convergent power series 

𝑓(𝑧) = ∑ 𝑐𝑘(𝑧𝑛)(𝑧)𝑘,

∞

|𝑘|=0

 

where  

𝑘 = (𝑘1, … , 𝑘𝑛−1). 

The coefficients of this series 

𝑐𝑘(𝑧𝑛) =
1

𝑘!

𝜕|𝑘|𝑓(0, 𝑧𝑛)

𝜕ʹ𝑧𝑘
 

are holomorphic in the disc U𝑛 as derivatives of a function that is holomorphic in 

𝑧𝑛. Therefore the function   
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1

|𝑘|
ln|𝑐𝑘(𝑧𝑛)| 

are subharmonic in  U𝑛. 

 We choose an arbitrary number  𝜌 < R  since for any  𝑧𝑛 ∈ U𝑛 

|𝑐𝑘(𝑧𝑛)|𝜌|𝑘| → 0 

as  |𝑘| → ∞, then for any  𝑧𝑛 ∈ U𝑛 there is a |𝑘| beginning with which we will have 

1

|𝑘|
ln|𝑐𝑘(𝑧𝑛)| + ln 𝜌 ≤ 0, i.e., 

lim
|𝑘|→∞

1

|𝑘|

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
ln|𝑐𝑘(𝑧𝑛)| ≤ ln

1

𝜌
. 

Now we use the holomorphy of  𝑓 in  W̅;  𝑓 is bounded  in  W̅, and the Cauchy 

inequalities 

|𝑐𝑘(𝑧𝑛)|𝑟|𝑘| ≤ M 

 hold for any  𝑧𝑛 ∈ U𝑛.  Therefore for any   𝑧𝑛 ∈ U𝑛 and any |𝑘| 

1

|𝑘|
ln|𝑐𝑘(𝑧𝑛)| ≤ Ln

M1 |𝑘|⁄

𝑟
≤ A. 

 Thus these subharmonic functions satisfy the hypotheses of the lim-sup 

theorem. By this theorem for any  𝜔 < 𝜌 one can find a number 𝑘0 such that for 

all  

|𝑘| > 𝑘0   and all  𝑧𝑛, |𝑧𝑛| ≤ 𝜔, 

we have 

1

|𝑘|
ln|𝑐𝑘(𝑧𝑛)| ≤ ln

1

𝜔
, 

|𝑐𝑘(𝑧𝑛)|𝜔|𝑘| ≤ 1. 

From this is follows that the series converges uniformly in any polydisc  

U̅(0, 𝜔′), 𝜔′ < 𝜔; 

but the terms of this series are continuous in 𝑧, so that the sum  𝑓  of the series is 

also continuous, and hence is bounded in U(0, 𝜔ʹ). This polydisc can be assumed 
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to be arbitrarily close to 𝑉, and since 𝑉 from the very beginning could be increased 

a little, then  𝑓  is bounded, it is holomorphic in V.̅ 

 Hartog’s  Theorem.  If the function 𝑓 is holomorphic at any point of the 

domain  𝐷 ⊂ 𝐶𝑛  with respect to each of the variables 𝑧𝑣, then it is holomorphic  

in 𝐷. 

   Proof. If suffices to prove the holomorphy of 𝑓 at an arbitrary point 𝑧0 ∈

𝐷, and without loss of generality we may assume that  𝑧0 = 0.  Thus, suppose 𝑓 is 

holomorphic with respect to each variable in the polydisc  U(0, R)̅̅ ̅̅ ̅̅ ̅̅ ̅ we must prove 

that it is holomorphic in some polydisc with center at 0. 

 We shall prove this assertion by induction on the number of complex 

variables. For one variable it is trivial; assume that it is true for functions of  

(𝑛 − 1) variables, and we let 

U = U(0, R 3⁄ ). 

Now we consider the polydisc 

V = V′ × U𝑛, 

where  

V′ = U (𝑎,
2

3
R). 

Obviously,  

V̅ ⊂ U(0, R)̅̅ ̅̅ ̅̅ ̅̅ ̅, 

and hence  f  is holomorphic with respect to ʹ𝑧 in  V̅  for any  𝑧𝑛 ∈ U𝑛
̅̅̅̅ , and by what 

we just proved it is holomorphic with respect to 𝑧 in W̅. By Hartog’s lemma it 

follows from this that it is also holomorphic with respect to z in 𝑉, which already 

contains the point 𝑧 = 0. Thus the assertion is proved also for functions of 𝑛 

variables. 

 Here we consider basic questions related to series expansions of 

holomorphic functions. 
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 Power series.  In subsection we proved that any function that is 

holomorphic in the polydisc U(𝑎, 𝑟)  can be expanded in this disc in a multiple 

power series with center at a. The question series concerning the set of points of 

convergence of this series. By analogy with functions of one variable one wants to 

expect that this set will be the polydisc, completed by some set of boundary points. 

However, very simple examples show that the situation is quite different. 

 Definition. The domain of convergence of the power series 

∑ ck(z − a)k

∞

|k|=0

 

is the interior 𝑆′ of the set 𝑆 of points z ∈ Cn at which this series converges for 

some ordering of its terms. 

 Theorem. If the point 𝑧0 belongs to the domain of convergence 𝑆 of the 

series, then the closed polydisc 

𝑈̅ = {𝑧𝜖𝐶𝑛 ∶ |𝑧𝑣 − 𝑎𝑣| ≤ |𝑧𝑣
0 − 𝑎𝑣|} 

 also belongs to  𝑆′  and the series converges absolutely and uniformly in 𝑈̅. 

 Proof. Since 𝑧0 ∈ 𝑆′ and  𝑆′is open, there exists a point ϛ ∈ 𝑆′ such that 

|ϛ𝑣 − 𝑎𝑣| > |𝑧𝑣
0 − 𝑎𝑣|,    𝑣 = 1,2, … , 𝑛, 

and the series converges at this point. Since 

U ⊂⊂ {𝑧 ∈ 𝐶𝑛 ∶ |𝑧𝑣 − 𝑎𝑣| < |ϛ𝑣 − 𝑎𝑣|}, 

 then by Abel’s lemma the series converges absolutely and uniformly in 𝑈̅. 

 Theorem 1 can also be formulated as follows: the domain of convergence 

𝑆′ of the series is a complete Reinhardt domain with center at 𝑎. Thus, complete 

Reinhardt domains play the same role in the case of functions of several variables 

as disc do in the case of one variable. This analogy is stressed by the following 

theorem. 

 Theorem. Any function 𝑓 that is holomorphic in a complete Reinhardt 

domain 𝐷 ⊂ 𝐶𝑛 with center at a is represented in this domain by the Taylor 

expansion 
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𝑓(𝑧) = ∑ 𝑐𝑘(𝑧 − 𝑎)𝑘.

∞

|𝑘|=0

 

 Proof. Let 𝑧0 be an arbitrary point of 𝐷. Then the polydisc  

U̅ = {|𝑧𝑣 − 𝑎𝑣| ≤ |𝑧𝑣
0 − 𝑎𝑣|} ⊂⊂ D 

and by Theorem 2 of the function 𝑓  is represented in 𝑈 by a Taylor expansion 

centered at 𝑎. The coefficients  of this expansion are computed via the derivatives 

of 𝑓  at 𝑎, and hence, coincide with 𝑐𝑘, i.e., this expansion is the same as theorem 

1. A natural question arises: is every complete Reinhardt domain the domain of 

convergence of some power series [1-27]. 

 Definition. We denote by  

z → λ(z) = (ln|z1|, … , ln|zn|) 

a mapping of the set 

{z ∈ Cn ∶  z1 … zn ≠ 0} 

into the space Rn. The logarithmic image of a set M ⊂ Cn is the set M∗ = λ(Mv). 

The set 𝑀 is said to be logarithmically convex if its logarithmic image  M∗ is a 

convex set in  𝑅𝑛. 
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