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Annotatsiya: Ushbu maqolada chegaraviy shartlar bilan berilgan Fredgolm
va Volterra tipidagi integral tenglamalarni sonli yechish usullari ko ‘rib chigiladi.
Nyustrom, kollokatsiya va kvadratura usullarining nazariy asoslari va amaliy
qo ‘llanishi tahlil gilinadi. Chegaraviy shartlarning yechimga ta’siri, sonli usullarning
bargarorligi va konvergentsiyasi muhokama qilinadi. Magola ilmiy adabiyotlarga
asoslangan bo ‘lib, amaliy misollar orgali usullarning samaradorligi ko ‘rsatib
beriladi.

Kalit so‘zlar: integral tenglama, Fredgolm tenglamasi, Volterra tenglamasi,
chegaraviy shartlar, sonli usullar, Nyustrom usuli, kvadratura, bargarorlik.

Annomayun: B Oanuou cmamve paccmampusaromcs YucieHHvle Memoobl
peuieHusi uHmespanbhblx ypasHenuil @Ppeozonvma u Bonvmeppa ¢ epanuunvimu
yciaosuAamu. AHCl/lMSMpleMC}Z meopemuvdecKkue OCHoO8bl U npakmuiyeckoe npumeHerue
Mmemooos Hrocmpéma, konnokayuu u keaopamyp. Oocysxicoaemcs 6rusiHue epanuiHblx

ywzoeuﬁ Ha peuiernue, yCWlOZJ'JM@OCWlb U CXOOUMOCMb YUCTIEHHbIX Memo0os. Cmambsi

Boeinyck xcypHana Ne-26 Yacmo—8_ Maii —2025
246

——
| —


mailto:ismoilovaxrorjon@yandex.com
mailto:fotimaxon2805@gmail.com
mailto:ruxshonamadatova4@gmail.com

ISSN
MODERN EDUCATION AND DEVELOPMENT  3060-4567

OCHOBAHA HA HAYYHOU Jumepamype u ULIocCmpupyem 2 pexmueHocms Memooos ¢
NOMOWbIO NPAKMUUECKUX NPUMEPOS.

Kntoueevie cnosa: ummezpanvnoe ypaenenue, ypasnenue @Dpeozonbma,
ypasnenue Bonvmeppa, zcpanuunvie ycnoeusa, uucieHHble MemoObl, Memoo
Hrwocmpéma, keaopamypa, ycmouuueocms.

Annotation: This article discusses numerical methods for solving Fredholm
and Volterra integral equations with boundary conditions. Theoretical foundations
and practical applications of the Nystrom, collocation, and quadrature methods are
analyzed. The influence of boundary conditions on the solution, as well as the stability
and convergence of numerical methods, is examined. The article is based on scientific
literature and demonstrates the effectiveness of the methods through practical
examples.

Keywords: integral equation, Fredholm equation, Volterra equation, boundary
conditions, numerical methods, Nystrom method, quadrature, stability.

Kirish

Integral tenglamalar ko‘plab fizikaviy va muhandislik muammolarini
modellashtirishda muhim rol o‘ynaydi. Chegaraviy shartlar bilan berilgan integral
tenglamalarni analitik yechish ko‘pincha murakkab bo‘lib, sonli usullar orqali yechim
topish zarurati tug‘iladi. Ushbu maqolada Fredgolm va Volterra tipidagi integral
tenglamalarni sonli yechish usullari, xususan Nyustrom, kollokatsiya va kvadratura
usullari tahlil gilinadi.

Asosiy gism

Integral tenglamalarning turlari

Fredgolm tenglamalari: Chegaralari gat’iy belgilangan integral tenglamalar.
Ular birinchi va ikkinchi turga bo‘linadi.

Volterra tenglamalari: Chegaralari o‘zgaruvchiga bog‘liq bo‘lgan integral
tenglamalar. Ular vaqtga bog‘liq jarayonlarni modellashtirishda qo‘llaniladi.

Sonli yechim usullari
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Kvadratura usullari: Integralni sonli hisoblash uchun kvadratura formulalari
qo‘llaniladi. Bu usul orgali integral tenglama algebraik tenglamalar sistemasiga
aylantiriladi.

Kvadratura usuliga misol:

Ko‘rib chiqgilayotgan Fredgolm integral tenglamasi (ikkinchi turdagi):

1
ie ;\j K(x,)pt)dt = F(), 0<x<1
0

Bu yerda:

K(x,t)— yadrosi (masalan: K(x,t) = x X t
f(x) — berilgan funksiya (masalan:f(x) = x?)
A — parametr

Magsad: ¢ (x)ni topish

Nyustrom usuli: Kvadratura usulining rivojlangan shakli bo‘lib, integral
tenglamani sonli yechishda yuqori aniqlikni ta’minlaydi.
Nyustrom usuli uchun misol

Integral tenglama:
1
o(x) — AJ K(x,)pt)dt = F(), 0<x<1
0

Berilgan:
K(x,t) = cos(x — t)
f(X)=sin(x)
A=1
x € [0,1]
Chegaraviy shartlarning ta’siri
Chegaraviy shartlar integral tenglamaning yechimiga sezilarli ta’sir ko‘rsatadi.
Masalan, Diragle, Noyman yoki Robin turidagi shartlar yechimning mavjudligi va
yagona bo‘lishiga ta’sir qiladi. Sonli usullarda bu shartlarni hisobga olish uchun
interpolatsiya va aproksimatsiya usullari qo‘llaniladi.
Bargarorlik va konvergentsiya
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Sonli usullarning bargarorligi va konvergentsiyasi integral tenglamaning turiga va
qo‘llanilgan usulga bog‘liq. Masalan, Nyustrom usuli Fredgolm tenglamalari uchun
yuqori konvergentsiyani ta’minlaydi, kollokatsiya usuli esa Volterra tenglamalari
uchun samarali hisoblanadi.

Amaliy misollar

Fredgolm tenglamasi: Diragle chegaraviy sharti bilan berilgan tenglama
Nyustrom usuli orqgali yechiladi.

Fredgolm integral tenglamasini Dirixle chegaraviy sharti bilan berilgan
holatda Nyustrom usuli yordamida yechish uchun C# dastur kodi va misol bilan
to‘liq yechim berilgan.

Masala:

Berilgan Fredgolm tenglamasi (2-tur):
1

p(x) — f cos(x —t) X @(t)dt = sin(x), x €[0,1]
0

Dirixle sharti:
®(0) =0
Kvadratura formulasi: Trapetsiya usuli (Nyustrom usuli)
Yondashuv (Nyustrom):
Oraligni n ta bo‘lakka bo‘lamiz (masalan, n=5).

Integral Nyustrom usuli yordamida kvadratura og‘irliklari bilan almashtiriladi:
1 n
0 .
j—-1

C#dagi kodi:
using System;
class NyustromFredgolm
{static void Main()
{ intn=>5;
doublea=0.0, b =1.0;
doubleh=(b-a)/(n-1);
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}
{

Boeinyck xcypHana Ne-26

double[] x = new double[n];
double[] f = new double[n];
double[,] K = new double[n, n];
double[] w = new double[n];
double[,] A = new double[n, nJ;
double[] phi = new double[n];
// Tugun nuqtalari va f(x) giymatlari
for (inti=0;i<n;i++)
{ X[i]=a+i*h;
f[i] = Math.Sin(x[i]);
} // Trapetsiya og‘irliklari
for (inti=0;1<n;i++)
wl[i]=(i==0||i==n-1)?h/2.0:h;
/I Yadro K(x, t) = cos(x - t)
for (inti=0;i<n;i++)
for (intj=0;j<n; j++)
K[i, j] = Math.Cos(x[i] - x[j]);
// Sistema matritsasi: A=1-A*W *K
for (inti=0;1<n;i++)
for (intj = 0; j < n; j++)
Ali, j]=(G==j71.0:0.0) - w[j] * KIi, jI;
/I Gauss usuli bilan yechish
phi = GaussElimination(A, f, n);
// Natijani chigarish
Console.WriteLine("x\tphi(x)");
for (inti=0;i<n;i++)
Console.WriteLine($"{x[i]:F2X\t{phi[i]:F5}");

static double[] GaussElimination(double[,] A, double[] b, int n)

double[] x = new double[n];

ISSN
3060-4567

Yacme—-8_ Malii —-2025

250

——
| —



ISSN
MODERN EDUCATION AND DEVELOPMENT  3060-4567

for (int k = 0; k < n; k++)
{ // Normalizatsiya
double max = A[k, K];
for (intj = k; j < n; j++)
A[k, j] /= max;
b[K] /= max;

for (inti=k+1;i<n;i++)
{
double factor = A[i, KJ;
for (intj =k; j <n; j++)
A, j] -= factor * A[K, jl;
b[i] -= factor * b[K];
Pl
I/l Orgaga yurish
for (inti=n-1;i>=0;i--)
{
x[i] = b[i];
for (intj=i+1;j<n;j++)
x[i] -= AL, j1* x01;
} return X;

Eslatma: Dirixle shart ¢(0) = 0 ni ganoatlantiradi.
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Volterra tenglamasi: Noyman chegaraviy sharti bilan berilgan tenglama
kollokatsiya usuli orgali yechiladi.

Volterra integral tenglamasi uchun Noyman chegaraviy sharti berilgan
misol keltirilib, u kollokatsiya usuli yordamida C# dasturlash tilida yechiladi. Dastur
kodi va natijasi ham berilgan.

Masala:
Quyidagi Volterra 1-tur integral tenglama berilgan:

e(x) + jox(x —t) X e(t)dt =%, xe€[0,1]

Noyman (Neumann) sharti:
¢'(0)=0

Yechish usuli: Kollokatsiya usuli
Tagribiy yechim:
o(t) = a; + a,t
Kollokatsiya nuqtalari: x; = § X, = %
Integralni analitik hisoblash: fox(x —t)(a; + a,t)dt
C#dagi kodi:
using System;
class VolterraKollokatsiya
{ static void Main()
{ I/ Kollokatsiya nugtalari
double[] x={1.0/3.0,2.0/3.0 };
// Taqribiy yechim: phi(t) = al + a2 *t
J1(x) = Jo* (x - t)(al + a2 * t) dt
Il =al*x"2/2+a2*x"3/3
double[,] A = new double[2, 2];
double[] b = new double[2];
for (int1=0;1<2;i++)
{ double xi = x[i];
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double 11 = Math.Pow(xi, 2) / 2.0; // [o* (x - t) dt
double 12 = Math.Pow(xi, 3) / 3.0; // [o* (x - D)t dt
Ali, 0] =1+11;
Ali, 1] =xi + 12;
b[i] = xi;
} /I Gauss usuli bilan yechish
double[] result = GaussSolve(A, b, 2);
// Natijani chigarish
Console.WriteLine("Taqribiy yechim: phi(x) = al + a2 * x");
Console.WriteLine($"al = {result[0]:F5}");
Console.WriteLine($"a2 = {result[1]:F5}");
/I Aga xohlasangiz, grafigini ham chizish mumkin
} static double[] GaussSolve(double[,] A, double[] b, int n)
{ double[] x = new double[n];
for (intk =0; k <n; k++)
{
double pivot = A[k, K];
for (intj =k; j <n;j++)
A[K, j] /= pivot;

b[K] /= pivot;
for (inti=k+1;i<n;i++)
{ double factor = A[i, KJ;

for (intj =k; j<n;j++)
Al[i, j] -= factor * A[K, j];
b[i] -= factor * b[K];
} } for(inti=n-1;1>=0;i-)
{ x[i] = b[i];
for (intj=1+1;j<n;j++)
x[i] -= Al J1 * x0T
} return Xx;
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1
Natija:

B8 Koncons othagkm Microsoft Visual Studio

Taqribiy yechim: phi(x) ? al + a2 * x
al = @ 06

a2 = 0,76868

Xulosa

Chegaraviy shartlar bilan berilgan integral tenglamalarni sonli yechish muammosi
murakkab bo‘lsa-da, Nyustrom, kollokatsiya va kvadratura usullari orgali samarali
yechimlar topish mumkin. Har bir usulning o‘ziga xos afzalliklari va cheklovlari
mavjud bo‘lib, ularni tanlashda integral tenglamaning turi va qo‘yilgan chegaraviy
shartlar hisobga olinishi zarur. Kelgusida bu usullarni yanada takomillashtirish va
murakkab muammolarga qo‘llash istigbollari mavjud.
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