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Annotation. Euler's method is a fundamental numerical technique used for
solving ordinary differential equations (ODEs), often applied in various scientific and
engineering fields. Despite its simplicity, Euler's method can suffer from limitations
in accuracy and stability, especially when dealing with complex or stiff differential
equations. This paper explores the integration of Artificial Intelligence (Al) with
Euler's method to enhance its performance. By leveraging machine learning models
such as supervised learning, deep learning, and reinforcement learning, the step size,
error prediction, and solution refinement can be dynamically optimized. Al
techniques can also be used to adjust parameters and predict corrections, improving
the overall accuracy and efficiency of solving mathematical problems. This fusion of
Al and Euler’s method provides a promising approach to handling challenging
differential equations with greater precision and reduced computational cost.
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Annomayun. Anunomayus. Memoo Diinepa — >mo pyHOameHmanibHblil
YUCIeHHbIU Jl/lel’l’lOa, l/tCI’lO]le’yeMblIZ ot peuwernus 00bIKHOBEHHBIX
oughgepenyuanvrvix ypasuenuti (OAY), uacmo npumensemvlil 8 pa3snuyHvIX HAYYHbIX
U uHdHceHepHulx oonacmsax. Hecmomps na ceoro npocmomy, memoo Jiinepa modxcem
cmpaoams om 02paHudeHUll MOYHOCMU U CMAOUILHOCMU, 0COOEHHO npu pabome co
CNONCHBIMU ULU HCECMKUMU OUppepeHyuanbHvimu ypasnenuamu. B smoii cmamove

paccmampusaemcs uHmezpayusi UCKyccmeenno2o unmeniekma (MH) ¢ memooom
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Diinepa 01151 nogviuleHusi e2o0 npouzgooumenvHocmu. Hcnonv3ys makue mooenu
MAWUHHO20 00yUeHUsl, KaK KOHmpoaupyemoe ooyueHue, 21ybokoe obOyuenue u
0byueHue ¢ NOOKpenieHuem, MONCHO OUHAMUYECKU ONMUMUZUPOBAMb pasmep uiazada,
NPOCHO3UPOBaHUe OWUOOK U ymouHeHue peutenus. Memoovr U maxkowce MoxicHO
UCNONL308aMb 011 HACMPOUKU NAPAMEMpo8 U NPOSHOZUPOGAHUS UCNPABIEHUL,
NOBbILUAS 0OULYI0 MOYHOCMY U IDDEKMUBHOCNb PeuleHUs MAMEeMAMUYecKUx 3a0au.
Taxoe cruanue UU u memooa diinepa obecneuusaem MHo2000ewaroujuti n00xXo0 K
PEeUleHUI0 CI0MHCHBIX OUppepeHyuanvbHblX ypagHeHuli ¢ Ooabuiel MOYHOCMbIo U
CHUJCEHHbIMU BbIYUCTIUMENIbHLIMU 3AMPAMAMU.

Knrwoueente cnosa. Memoo Diinepa, uckyccmeennvlil UHmMe1eKm, MauuHHoe
oOyueHue, oughgpepenyuarvrvle YpasHeHUsl, YUCIEHHble Memoobl, ONMUMUZAYUS
pasmepa uiaza, npocHO3UPOBAHUE OWUOOK, 21YO0Koe 0byuYeHue, BbIYUCTUMENbHAs

mamemamuxka, Yymod4HeHUue peuterHu.

In the field of computational mathematics, solving differential equations is a
fundamental task across many scientific disciplines, including physics, engineering,
economics, and biology. Euler’s method is one of the most straightforward numerical
techniques used for solving ordinary differential equations (ODEs). Recently, with
the advent of Artificial Intelligence (Al) and machine learning technologies, there has
been growing interest in enhancing traditional methods, such as Euler’s method, to
achieve better accuracy and computational efficiency. This article discusses how Al
can be utilized in conjunction with Euler’s method to solve mathematical problems,
specifically focusing on improving the precision and optimization of the
computational processes.

Euler’s Method: A Quick Overview

Euler’s method is a simple, first-order numerical technique for solving

ordinary differential equations of the form:

dy
- = _,F (z, H]
dx )
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The basic idea of Euler’s method is to approximate the solution of the ODE

by discretizing the domain and iteratively calculating the solution at each step. Given

xg) =

an initial condition ¥! Y0:Eyler’s method uses the formula:

Unil1 = Yn T f - .'rl::_:ri‘i‘- .IJ"JJ]

where:

. Yn+1 IS the approximation of the solution at the next step,

«  Ynisthe solution at the current step,

« histhe step size,

«  T(Xn yn) Is the function describing the differential equation.

While Euler’s method is easy to implement, it is not the most accurate or stable
for many problems, especially when a small step size is needed to achieve a
reasonable approximation. This is where Al methods can be integrated to enhance the
efficiency of solving such equations.

Al and Machine Learning in enhancing Euler's method

Artificial intelligence can be applied in various ways to enhance the traditional
Euler’s method for solving differential equations. By leveraging machine learning
(ML) algorithms, particularly supervised learning and deep learning, we can optimize
the step size, improve the accuracy of predictions, and even use Al to identify the best
Initial conditions for solving complex problems. Below are some Al techniques and
strategies that can complement Euler’s method.

1. Optimizing Step Size with Al

One of the main challenges in Euler's method is the selection of an appropriate
step size hh. A larger hh results in a faster solution but lower accuracy, while a smaller
hh increases accuracy but demands more computational time. Machine learning
models can be trained to dynamically select an optimal step size based on the nature
of the problem.

o Supervised Learning Models: Using historical data, a supervised

learning algorithm can predict the optimal step size for different problem types. These
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models can use features such as the slope of the function, the rate of change, and the
error from previous steps to make decisions about step size adjustments.

« Deep Reinforcement Learning: Deep reinforcement learning (DRL)
could be used to learn the optimal step size at each point, based on feedback received
from the error and accuracy of previous steps. A DRL agent would aim to minimize
the overall error while reducing computational cost.

2. Improving Accuracy with Neural Networks

Neural networks, specifically deep neural networks (DNNS), can be trained to
improve the solution provided by Euler's method. For example, after obtaining an
approximate solution from Euler's method, a neural network can be employed to fine-
tune the result, reducing the error by learning the underlying structure of the problem.

o Feed-forward Neural Networks: These networks can predict the
correction term that should be added to the Euler’s method approximation, thus
providing a refined estimate of the solution. Training the network involves feeding
the difference between the numerical solution and the actual solution as input data to
adjust the model's parameters.

« Recurrent Neural Networks (RNNs): RNNs can also be employed to
model time-series or sequential problems where the Euler method is used iteratively.
The network can remember previous states and adjust the predictions accordingly,
improving the overall stability and accuracy.

3. Error Prediction and Control with Al

Al models can be used to predict the error in the Euler method’s
approximation at each step. By leveraging regression models or neural networks, Al
can estimate the expected error based on the function and previous steps. This error
prediction can be incorporated into a feedback loop to adjust the step size dynamically
or apply correction factors to improve the solution.

4. Hybrid Al-Euler Models for Complex Problems

For highly complex or non-linear differential equations, a hybrid Al-Euler

model can be developed. This model would combine the basic Euler’s method with a
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machine learning model that adjusts parameters such as step size, initial conditions,
and error correction factors based on the complexity of the function being modeled.
Example of Solving an ODE Using Al-Enhanced Euler’s Method

Let’s consider a simple ordinary differential equation as an example:

e P
d:r:__y+

with the initial condition y(0)=1. Using Euler's method, the numerical

solution is computed as:
Ynt1 = Yo + - f{rr‘.f L"JJ]

i —— | A
For this example, S 20, Yn) 2yn + 1.
Now, let’s implement Al-enhanced methods to optimize this process:

Step 1: Apply Euler’s Method to Get Initial Approximation

Using a step size h=0.1, we can apply Euler’s method to the equation:

Foryg = 1, flzo,w) = —2(1) + 1 = —1, so

p=1+01-(—1)=09

Step 2: Implement Al to Correct the Solution

Let’s say we use a deep learning model (such as an RNN) to correct this
approximation. After training, the model predicts that the error at this step is
0=0.02\delta = 0.02. The corrected value of yly 1 would be:

y{ﬁnt\f‘tﬁ'l. =y +6=09+0.02=0.92

Thus, the Al-enhanced Euler’s method provides a more accurate
approximation of the solution.
Formula Representation for Al-Enhanced Euler’s Method

The Al-enhanced Euler’s method can be represented as:
I:l’fau-nlﬂmd = Yyn + h- f(Zn,4n) + dn

where:
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corrected

. Uni1 is the refined solution after correction,

. & Is the error correction predicted by the Al model.

Euler’s method is a fundamental tool in numerical analysis for solving
ordinary differential equations, but its accuracy and stability can be improved
significantly by integrating artificial intelligence techniques. By optimizing the step
size, predicting errors, and refining solutions through machine learning models, Al
can enhance the performance of Euler’s method, making it more applicable to
complex and real-world problems. This combination of Al and traditional methods
represents a promising direction for the future of computational mathematics and
numerical analysis.
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