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Abstract: This paper discusses the steepest descent algorithm of the gradient
method used to solve systems of linear algebraic equations. The method of finding the
solution of the system by minimizing a functional is explained step by step. The
theoretical foundations of the iterative approach based on gradient and error vectors
are presented. As an example, a system of four-variable equations is solved using the
Python programming environment, and the convergence rate and accuracy of the
algorithm are demonstrated. The results show that the gradient method is a simple and

efficient computational tool suitable for solving large-scale linear systems.

Keywords: Gradient method, steepest descent, iterative method, symmetric

matrix, positive definiteness, functional, optimization, Python, algorithm, error vector,

Annotatsiya: Ushbu maqolada chizigli algebraik tenglamalar sistemasini
yechishda qo‘llaniladigan gradientlar metodining eng tez tushish algoritmi yoritilgan.
Tadgiqotda funksionalni minimallashtirish orgali sistemaning yechimini topish usuli

bosqgichma-bosqich tushuntirildi. Gradient va xatolik vektorlariga asoslangan iteratsion
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yondashuvning nazariy asoslari keltirildi. Misol sifatida berilgan to‘rt o‘zgaruvchili
tenglamalar sistemasi Python dasturlash muhiti yordamida yechilib, algoritmning
yaqinlashish tezligi va aniqligi ko‘rsatib berildi. Natijalar shuni ko‘rsatadiki,
gradientlar usuli oddiy va samarali hisoblash vositasi bo‘lib, katta o‘lchamli chiziqli

sistemalarni yechishda qo‘llashga yaroqlidir.

Kalit so‘zlar: Gradientlar usuli, eng tez tushish, iteratsion metod, simmetrik
matritsa, musbat aniqlik, funksional, optimallashtirish, Python, algoritm, xatolik

vektori.

AnHoTanus: B cratbe paccMaTrpuBaeTcs alTOPUTM HAUCKOPEUILIETO CIyCKa —
OJWH W3 BapUaHTOB T'PaJUCHTHOIO METOJA, MPUMEHSIEMOrO I PEIICHUS CHUCTEM
JUHENHBIX  anreOpamyeckux ypaBHeHui. [lomiaroBo  oOBsicHseTcs  crocod
HaxXOXJICHUS pelieHuss MyTéM MuHUMU3auu (QyHknuoHana. llpencraBieHs
TEOPETHUYECKHE OCHOBBI, OCHOBAHHBIC Ha IPAIMCHTE U BEKTOpe ommoOku. B kadecTBe
IpUMeEpa pelaeTcss CUCTEMA W3 YETBIPEX YPABHEHUU C IOMOIIBIO S3bIKa
nmporpaMMupoBanus Python, meMoHCTpUPYIOTCS CKOPOCTh CXOJUMOCTH M TOYHOCTH
anroputMma. Pe3ynbraTel NOKa3bIBaOT, UTO TPAJAUEHTHBIA METOJ SIBJISIETCA POCTHIM U
(O PEKTUBHBIM CPEACTBOM BBIYUCIICHUHN, TOAXOASAIIUM JJIsl pEUIeHUs 3a7a4 00JIbIIOro

pa3Mepa.

Kirouesbie cioBa: [’ palueHTHBI METOMA, HAUCKOPEUIIINN CITyCK, UTEPALTMOHHBIN
METOJI, CUMMETpUYHasi MaTpula, MOJOKUTEIbHASI OINpPENeIeHHOCTh, (YHKIMOHA,

orrtumm3anms, Python, anroputm, BEKTOp OMMOKH
Introduction:

Achieving fast and accurate solutions to systems of linear algebraic equations is
one of the key areas in modern computational mathematics. In particular, for systems
with symmetric and positive definite coefficient matrices, the gradient method —
especially the steepest descent algorithm — is considered highly efficient. This method
operates based on an iterative approach and moves in the direction of the steepest
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decrease of the objective function at each step.
This paper presents the theoretical foundations of the gradient method, its algorithmic

steps, and a practical example implemented using the Python programming language.

The method is applicable to linear systems with real, symmetric, and positive

definite matrices.
AX=b ()
the system solve to be designed.

Before presenting the gradient method, we briefly discuss the concept of the

functional gradient.

Let us suppose that f(X) is a functional of an n-dimensional vector

X=X % %) and let ¥ = Yz ¥a)" be a vector of unit length.

Just as the rate of increase or decrease of a function is characterized by its
derivative, the rate of change of the functional f with respect to variations in its
argument X in the direction Y is determined by the derivative of the functional. The

directional derivative of the functional T at the point X in the direction Y is defined

as follows:

8f(¥):"mf(i+a7)—f(¥):dif(x+ay)l
a a=0

a—0 o

to express said. This definition

f(X+ay)=f(X +ay, X +aY,, ..X +ay.)

fall for
of (X d
#:Ef(x1+ay1,x2+ay2,...,xn+ayn)a=0—
of (X of (X of (X -
Sl )y1+ : )y2+---+Lyn=(Z,Y),
8X1 6X2 8Xn (2)
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_ , of (X
Z=(2,2y,-2,),2 =
(0 2y 2y) 5 =

7 vector T(X) of the functional gradient is called. (2) equal 'Y"F1 since it was

for

af(i):D"D e
—87 z, 0cos(z, )

come out, also while
—Dzusﬂ_x)g]m.
oy

This with along you Y 's direction gradient gradient direction with stack-stack

I 57
down, ¥ and Y that's the direction of the gradient in the direction opposite is,

of (X) _
=-0z0 o
y . In so doing, the gradient direction along F(X) functional great speed
with to grow it , and gradient direction to reverse the side on it great speed with reduced

it.
Now gradient methods, you will pass.
The gradient method (1) the system and solve to

f (X) = (AX,X)—2(b,X) (3)

functional is considered. This functionality *:*2:=*xin the world than the second

orderly is multivariable function. X by (1) system solution, i.e. X =A"d to we will

sign.
Since the matrix A is symmetric and positive definite,
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f(X)- f(X")=(AX,X)-2(b,X) - (AX",X")+2(b,X") =
= (AX,X)—2(AX",X) - (AX",X ")+ 2(AX , X) = (AX,X) - (AX",X) —
—(AX",X)+(AX,X ) =(A(X-X"),Xx-X")>0.

This with along last expression is , X=X the equal sign is the fitting is. In so

doing, (1) the system of charging issue (3) functional to a minimum which is now

turned X into the vector to find the time is come. Such a vector find to the following

work we see.

Assume let, X optional the initial approach vector is. (3) the functional

gradienti to consider.

= (Cray)] = g (AR ray) 20 X ray), =
=dd_a[0‘2(A7' V)-2a(b-AX.9)+ ()], =-2(b -Ax.Y)=
=2(AX-b, ).

By comparing this with equation (2), we observe that the gradient of T(*) is equal
to 2AAX-Db) since in the subsequent analysis only the direction of the gradient is

required, we omit the positive scalar multiplier 2 and consider the vector AX—b instead.

We denote by X a vector at point T that is directed opposite to the gradient

direction.
79 =pb-Ax©. (4)

This vector is called the error vector of the system (1). T vector either’in nalish
F(%) functionality X point to a reduction in speed , most of the big toe’ladi. tarting
from the point X , we continue the movement along the direction of 7 until the

functional T(X”+aT®) reaches its minimum value. This point is found from the

equation
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ol (XO +ar®@) =2a(ATO, 7)) -2(b - AXO, 7)) =0
(44

(r(O) ’ T(O))

Q= A=
(r(),Ar”) (5)

Q=0
Since the matrix AAA is positive definite, for all (TOAF?)>0. 57O =0

, hen from (4) we can see that, X (1) gives the solution of the system (1), and thus

the process stops. If T” #0 | then as the next approximation, we take the vector

¥O =xO 4 aor(o) (6)
from

Then we calculate T =b—AX" he next approximation vector X s determined

by the condition that the functional f(x?+aT) reaches its minimum:

_ T, r®) <@ — x®

=)
= TArD =y tal
(AF™, 1)

a,

This process will continue , he held, to the following able you will be:

7K _Rh _ AvK)
r“ =p-Ax", (7)
o)

(AF( )’r( )) (8)

K0 — 500 4 g 70

Teorema. You have a positive detected superimposed in matrisa isit without

. . v () 7@ v (K) . - & . o*
gradient method with seen X" X"+ X" the series near AX=b system solution X to a

geometric progression rate will draw. More precisely , if A technique matrisa 4
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specific number of 9<™ <4 <M e disparity does it buildit without X"’} the series

X" solution to approach the rate of the third norms as follows will be evaluated:

<O DH(F(RO) - (X))

o -

3

Example. This system

4% + X, + %, + X, =10,
X, +5X, + X, + X, =12,
X + X, +6X; + X, =13,
X + X, + X, +7X, =14

the gradient method with solved let.

Of charging. Iterasiya the methods in a bug - its- self is used to correct applications

for, the initial step in the calculation greater precision get boorish don't. The initial

approach as X' =@11D)" you see , we canit, without
7@ =b - AX® =(3,4,4,4), Ar® =(24,31,35,39),

o7 F+4+4+4 57

A= oo = =——=0.1159
(T AF®)  72+4124+140+156 492

X =(1.348,1.464,1.464,1.464)

The exact solution X with approximate the solution between the difference

follows it
[x® =x — J(1.348—1)% + (1.464 —1)% + (1464 —1) + (1.464 —1)? ~ 0.875
Conclusion:

The gradient method, particularly the steepest descent algorithm, stands out for
its simplicity and quick convergence to accurate results in solving systems of linear

algebraic equations. This method approaches the solution by moving in the direction
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of the greatest decrease of the objective function at each iteration. For symmetric and
positive definite matrices, the convergence properties of this method are guaranteed,
making it applicable to a wide range of practical problems, especially in engineering
and computational fields. The practical aspects of this method, demonstrated with a
Python program in the paper, confirmed its accuracy and convergence speed. This
showcases the gradient method as a convenient and efficient computational tool for

learning and application.
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