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Annotatsiya

Magolada oddiy differensial tenglamalar uchun chegaraviy masalalarni yechishda
qo‘llaniladigan sonli usullar, xususan, Eylyer usuli va Runge-Kutta usuli haqida so‘z
yuritiladi. Ushbu usullarning matematik asoslari, qo‘llanilishi va amaliy masalalarni
yechishda jadval ko‘rinishida echim olishning qulayliklari tahlil gilinadi. Eylyer
usulining geometrik ma’nosi va Runge-Kutta usulining yugori aniglik darajasi misollar
orqali ko‘rsatiladi. Har bir usulning hisoblash jarayoni, boshlang‘ich shartlari va
integrallash gadami tushuntiriladi.

Kalit so’zlar:Noma'lum koeffitsientlar, koeffitsientlarni topish, eylyer usuli,
Runge-Kutta usuli, boshlang’ich shart, funktsiyaning orttirmasi.
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B crartbe paccMarpuBarOTCA YMCIECHHBIE METOJIbI PELICHUSI KPAeBBIX 3a1a4 JJIs
OOBIKHOBEHHBIX JU(PEepeHIIMaNbHbIX ypaBHEHUH, B YaCTHOCTH, METOJA OJiiepa u
Meto PyHre-KyTTel. AHAIM3UPYIOTCA MAaTEMAaTHYECKUE OCHOBBI 3TUX METOIOB, UX
MIPUMEHEHUE U MPEUMYIIECTBA TAOJUYHOTO MPEIACTABICHUSI PEIICHUN MIPU PEIICHUN
NpaKkTHYECKUX 3a7a4. ['eomeTpudecknii cMbICI METOIA Diliepa U BbICOKAss TOYHOCTh
Metoga Pynre-KyTTtel nemonctpupyrorcss Ha npumepax. [lonpoOHO 0OBACHSIOTCS
BBIYMCIIUTEIBHBIE TPOLECCHl KaXIOT0 METO/IA, HadyalbHbIE YCJIOBUS M LIAr

HHTCIPUPOBAHUA.

KimtoueBbie  cinoBa: Heonpenenennbie  KO3(PGUIMEHTHI,  HAXOXJCHUE
koddduimento, wmeron Oitnepa, Meton Pynre-KyTThl, HauyanbHOE YyCJIOBHE,

npupaiieHne QyHKIHH.
Annotation

The article discusses numerical methods for solving boundary value problems of
ordinary differential equations, particularly the Euler method and the Runge-Kutta
method. The mathematical foundations of these methods, their applications, and the
advantages of obtaining solutions in tabular form for practical problems are analyzed.
The geometric interpretation of the Euler method and the high accuracy of the Runge-
Kutta method are illustrated with examples. The computational process of each

method, initial conditions, and integration step are explained in detail.

Keywords: Undetermined coefficients, finding coefficients, Euler method, Rung-

Kutta method, initial condition, function increment

Kirish

EYLYER USULI.Yuqorida ko rilgan usullar tagribiy analitik usullar bo'lib, bu
hollarda echimlar analitik (formula) ko rinishlarida olindi. Bu usullar bilan topilgan
echimning aniglik darajasi hagida fikr yuritish birmuncha murakkab boladi. Masalan,

ketma — ket diffyerentsiallash usulini qo llaganda gatorning juda ko'p hadlarini

hisoblashga to'g’ri keladi va ko'p hollarda bu gatorning umumiy hadini aniqglab
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bo’Imaydi. Pikar algoritmini qo’llaganimizda esa, juda ko'p murakab integrallarni
hisoblashga to’g’ri keladi va ko'p hollarda integral ostidagi funktsiyalar elementar
funktsiyalar orgali ifodalanmaydi. Amaliy masalalarni yechishda echimlarni formula
ko rinishida emas, balki jadval ko'rinishida olish qulay bo'ladi. Diffyerenuial
tenglamalarni ragamli usullar bilan echganda echimlar jadval ko rinishida olinadi.
Amaliy masalalarni yechishda ko'p qollaniladigan eylyer va Runge — Kutta usullarini

ko'rib chigamiz.
Eylyer usuli. Quyidagi
y'=f(xy) (1)

birinchi tartibli diffyerentsial tenglamaning [a,b] kesmada boshlang’ich shart
X=Xp bo"lgan hol uchun y=y, ni ganoatlantiruvchi echimi topilishi lozim bo’lIsin. [a,b]

kesmani Xo, X1, X2 ,..., Xn nugtalar bilan n ta teng bo lakchalarga ajratamiz; bunda

x, =X, +1ih (i=0,1,2,...n), h:E - gadam.
n

(1) tenglamani [a,b] kesmaga tegishli bo’lgan biror [Xx, Xk+1] kesmada

integrallasak,

Xis1 X1

[ Foay)dx= [y'dx=y(x) | =y(X.) = Y%) =Y. — Vi
yani,
Y =Y T I f (x, y)dx (2)

Bu yerda integral ostidagi funktsiyani x=xx nuqtada boshlang’ich o'zgarmas

giymatiga teng deb gabul gilinsa, quyidagini hosil gilamiz:

jf(X,y)dXZ f (X, i) - X jﬂ: f(xk’yk).(xkﬂ_xk):yll( -h
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U holda (2) dan

Y =Y, + Y0 (3)
You— Y. =Ay, yani yh=Ay, deb belgilasak,

Yea =Y +AY, (4)

Ushbu jarayonni [a,b] ga tegishli bo Igan har bir kesmacha uchun takrorlab, (1)
ning echimini ifodalovchi jadvalini to'zamiz. eylyer usulining geometrik ma nosi
shundayki, bunda (1) ning echimini ifodalovchi integral egri chiziq siniq (1) chiziglar

bilan almashtiriladi (1 - rasm).

Y A
\
\
/—\§
-1
Yoo 0
0 Xo X1 X2 X3 Xn-1  Xa »
1-rasm
Quyidagi tizim
y=1,06.2) -
z'=1,(x,Y,2)
uchun
X=Xo da y=yo, =2 (6)
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boshlang’ich shart byerilgan. (5) ning taqribiy echimlari quyidagi formulalar

orqgali topiladi:
Via=VY, +4AY, 7.,=7 +Az
bu yerda
Ay, =hf (x,,y,,2,); Az, =hf,(X,,Y,,2) (i=012,..)

2
Misol. eylyer usuli yordamida y' = y——x diffyerentsial tenglamaning
Y

[0,1] kesmada olingan va u(0)=1 boshlang’ich shartni ganotlantiruvchi u(x)

echimining taqribiy giymatlarini h=0,2 gadam bilan toping.

Yechish:

f(x,y):y—g; a=0, b=1 x,=0, y,=1 h=0,2
y

Quyidagi hisoblash jadvalini to zamiz.

1- gator .
i=0, x, =0,y, =1,0000

2x 2*(0
S (x0,¥0) =20 -0 =1-
Yo

Avo =hf (xy,0)=0,2%1=0,2000
Vg =Y TAy;,i=0;y, =y, + Ayy =1+ 0,2=1,2000

=1,0000

2-gator.

i=1, x, =0+0,2 =0,2;y, =1,2000;
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2x 2%0,2
Sy =» _y_1:1,2_
1 ’

Ay, = hf (x;, ;) =0,2%0,8667 = 0,1733
yy =y, +Ay; =1,2+0,1733=1,3733

=0,8667

va Xakazo 1=2,3,4,5lar uchun hisoblanadi.

2 oy 2 A=)
Vi

0,1 1,0000 1,0000 0,200

0,2 1,2000 0,8667 0,1733

0,4 1,3733 0,7908 0,1582

0,6 1,5315 0,7480 0,1496

0,8 1,6811 0,7293 0,1459

1,0 1,8270

RUNGE-KUTTA USULI

Runge - Kutta usuli ko'p jihatdan Eylyer usuliga o xshash, ammo aniglik

darajasi eylyer usuliga nisbatan yugori bo"lgan usullardan biridir.

Runge-Kutta usuli bilan amaliy masalalarni yechish juda qulay. CHunki, bu usul
orgali noma’lum funktsiyaning xi+1 dagi qiymatini topish uchun uning x; dagi giymati
anig bo’lishi etarlidir. Runge-Kutta usuli uning aniglash darajasiga ko'ra bir necha
turlarga bolinadi. Shulardan amaliyotda eng ko'p qo’llaniladigani to'rtinchi daraja

aniqglikdagi Runge-Kutta usulidir.
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Birinchi tartibli y=f(x,y) diffyerentsial tenglama uchun x=x; (i=0,1,2,...n) y=yi
ma’lum bo’lIsin. Bu yerda y; boshlang’ich shart ma'nosida bo Imasligi ham mumkin.
Noma’'lum funktsiya y ning x=xi.; dagi giymati yi+1=Yi+1(X) ni topish uchun quyidagi

ketma-ket hisoblash jarayonini amalga oshirmoqg lozim bo’ladi:

Xip =X 0y, =Y + Ay,

1 () (i) (i) (i) (7)
Ayi :g[Ql +2Q2 +2Q3 +Q4 ]’
bu yerda
1(i) =hf(x;,;)»
(i) h L
> =hf(xi+§7yi+ 5 ) (8)

(@)

D Zprix, + 2y 4 22
Q3 f(l 29y1 2 )3

O =hf (x; + h,y; + O),

i=0,1,2,....n-1, h= b-a integrallash gadami.
n

Tenglamaning echimi gidirilayotgan [a,b] kesma x, =x, +ih  (i=0,1,2,...,n)
nugtalar bilan o zaro teng n ta bo lakka bo"lingan. i ning ha bir giymati uchun (7) va

(8) dagi amallarni bajaramiz va noma’lum funktsiya y ning giymatlarini (tenglamaning

echimini) quyidagi formuladan topamiz:

Yia =Y, +AY, (i=012,...,n) 9)

Y
J5

kesmada aniglangan va u(1,8)=2,6 boshlang’ich shartni ganoatlantiruvchi echimini

Misol: Runge-Kutta usuli bilan y' = x+ cos(—=) tenglamaning [1,8; 2,8]

h=0,1 gadam bilan hisoblang.
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Yechish:

f(x,y)=x+cos(%);xo ~ 18y, = 2.6,

h=01;a=18,b=228;h = b=a =0,I;n =10,
n

@ =hf(x,,y,)= Ol{x +cos(\/_) 0,2196,

(0)
Qz—hf(xo h,y0+—) 0,1* £(1,85;2,7098) = 0,2012,

()

O = b (. +ﬁ +22) = 0.1 f(185:2,7006) = 0,220

O = hf (xg + b, yo + 0L = 0,1 % £(1,9;2,6099) = 0,2927,
Y=y + %[ © 420 + 0{"1=2,0259,
i=1x, =19;y, =2,0259; y, =3,0408
va hokazo.

Qiymatlar jadvali

0 1 2 3 4 5
I
X; 1,8 1,9 2,0 2y 2,2 2,
3
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Xulosa

Magola oddiy differensial tenglamalarni sonli usullar yordamida yechishning

amaliy va nazariy jihatlarini yoritadi. Eylyer usuli integral egri chizigni siniq chiziglar

Vi 2,6 2,0 3,0 3,2 3,4 3,
259 408 519 861 4861
I 6 7 8 9 10
X; 2,4 2,5 2,6 2,7 2,8
Vi 3,9 4,1 4,3 4,5 4,9
260 478 700 971 172

bilan taqribiy ifodalashga asoslangan bo‘lib, soddaligi bilan ajralib turadi. Runge-Kutta

usuli, xususan, to‘rtinchi darajali aniqlikdagi versiyasi, Eylyer usuliga nisbatan yuqori
aniqlik va qulaylikni ta’minlaydi. Har ikki usulning hisoblash jarayonlari misollar
orgali tahlil qgilinib, ularning amaliy masalalarni jadval ko‘rinishida yechishdagi
afzalliklari ta’kidlanadi. Maqola hisoblash matematikasi sohasida sonli usullarni

go‘llash bo‘yicha muhim ma’lumotlarni taqdim etadi.
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