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Abstract:In this scientific article, the theoretical foundations and practical
application of solving systems of linear equations using Cramer's rule are described.
The method is based on determining the unknowns through determinants and is
applicable only when the main determinant is nonzero. The algorithm steps are
demonstrated on examples with two and three unknowns, and the general form of the
formulas is presented.
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AHHOTauMsA: B TaHHOW HayYHOH CTaThe PACKPBIBAIOTCA TEOPETUYECKUE OCHOBBI
U TPAKTUYECKOE NPUMEHEHUE PELICHUS CUCTEM JIMHEWHBIX YPABHEHUH METOJIOM
Kpamepa. Meron ocHOBaH Ha OnpeieIEHUN HEU3BECTHBIX C TOMOILBIO OIPEAETUTENEN
U IIPUMCHACTCA TOJIBKO B ClIy4adaX, KOI'Ja TJIaBHBIN OIIPCACIINTCIIb HC PABCH HYJIIO. Ha
InpuMepax ¢ IByMA U TPCM:A HCU3BCCTHBIMHU ITOKA3aHbI 3TAlIbl AJITOPUTMA U ITPUBCACHA
obmast popma Ghopmy.

Karouessie ciioBa: meron Kpamepa, Tpanenusi, cucrema JUMHENHBIX YPAaBHEHUH,
anreOpanyecKkuit MEeTO/1, ONPEIeIUTEINb, CBOOOTHBIN YJICH.

Systems of linear equations arise in many fields of science, engineering, and
economics. Solving such systems efficiently and accurately is an important skill in
linear algebra. One of the classical methods for solving systems with a unique solution
is Cramer’s Rule, which is based on the concept of determinants.

Suppose we are given a system of m linear equations in n unknowns:
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al’lxl + al'zxz + a1'3X3 + -4 al’nxn - bl
a2,1X1 + az'zxz + a2'3X3 + -+ az’nxn == b2 (1)

Am1X1 + ApoXy + A 3Xs + o+ A Xy = by

Here, the variables x;, x,, x5, -+, x, are the unknowns. We assume that the
equations are numbered as the first, second, and so on, up to the m —th equation. The

coefficient a;1a34,, an, , represents the coefficient of the a; ; —th unknown x; in

the i-th equation, while b; denotes the constant term (free term) of the j-th equation.

A solution of a linear equation is defined as an arithmetic vector a;, a5, -+, a, €
R™ of real numbers that satisfies the linear equation. The coefficients in front of the

unknowns can be written in the form of a matrix consisting of m rows and n columns.

i1 Q12 Qq3--Qqp
A= :

am,l am,z am,3 °t 'am,n

This matrix is referred to as the coefficient matrix of the system of linear
equations, while the following matrix 4" is known as the augmented matrix of the

system:

Y
I

i1 A1 A13--A1y bl]

am,l am,z am,3 ot 'am,nbm

If all the constant terms of the coefficient matrix are equal to zero, then the system

is called a homogeneous system of linear equations.

If the number of rows m in the coefficient matrix is equal to the number of

columns n , then the system is referred to as an n-th order system.

A system of linear equations that has at least one solution is called a consistent

system.
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For example, any homogeneous system is consistent, since assigning zero to all

unknowns yields a solution to the system.

A system that has a unique solution is called a determinate system, while a system

that has more than one solution is referred to as an indeterminate system.

A system that has at least one solution is called a consistent system, while a system

that has no solution is called an inconsistent system.

(1) In a system, the following operations are called elementary transformations

if performed:

1. Multiplying both sides of a given k-th equation by a nonzero scalar
a,

2. Interchanging any two equations in the system;

3. Multiplying two equations of the system by nonzero scalars a +

0 and b # 0 respectively, and adding the results;
4, Removing an equation consisting entirely of zero coefficients and a

zero constant term (if such an equation exists).

A system resulting from such transformations is said to have undergone

elementary transformations.

Theorem: A system obtained through elementary transformations is equivalent

to the original system.

A homogeneous system of linear equations with n unknowns and m equations has

a non-trivial solution if m < n.

If all the elements below the main diagonal of a square matrix are zeros, such a

matrix is called an upper triangular matrix.

—
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d11 412t Ain
O a ves a
2,2 2,n
A=
0 0 e am,n

The method of Cramer for solving systems of linear equations.

The Cramer's rule method for solving a system of linear equations is applicable

when the number of equations in the system is equal to the number of unknowns.

al'lxl + al'zxz + a1,3X3 + -+ al’nxn == b1
a2’1x1 + a2’2x2 + a2,3X3 + -+ az’nxn — bz

Am1X1 T ApoXy + A 3Xs + o+ A Xy = by

Let us denote the determinant of the matrix formed by the coefficients of the

system of equations by the letter D.

d117 d12 0 dyn

A1 dzp **° dznp
D=\ ..

Am1 Am2 *°° dmpn

For the use of Cramer's rule, it is necessary and sufficient that the determinant
value is non-zero. If the determinant is equal to zero, using Cramer's method is

incorrect.

al’lxl + al’zxz + a1’3x3 + -+ al’nxn == b1
az‘lxl + az‘zxz + a2’3X3 4+ .-+ az’nxn == b2

am’lxl + am’zxz + am’3x3 + -+ am,nxn - bm

We are given a system in this form. We form the determinant from the coefficients

of the unknowns as follows:

https://scientific-jl.org/obr . ) Buinyck scypnana Ne-75
NS (303)
Yacmov—1 _Aezyc—2025



G CTan, '
Ig ”é ObPA30OBAHUE HAYKA H HHHOBAIIUOHHBIE H/IEH B MUHPE I .\ !

2181-
d;1 A1z 0 dAqn
A1 dzz *°° dznp
D = e
Am1 Amz *°° dmpn

We calculate the value of the determinant, and if it equals zero, we use the Gauss

method instead of this method. If it is different from zero, then Cramer's method is

definitely appropriate.

Since the determinant D is non-zero, the given system has a unique solution.

D +#0
b, dip °t dqn a1 b, - din
b a -+ a a b a
_ 2 2,2 2,n _ 2,1 2 2,n
D, = o D=\ 7~
bm Am,2 am,n Am,1 bm dmn
a1 a1 by
_| Q21 422 b,
Dn - oo e e oo
Am,1 am,z bm
Dl DZ Dn
x — x T =  ese see ese x e —
17 »p 27 p nT p

For Answer: (xq, X5, ", X,)

The easiest way to teach this method is by looking at an example.

2x—y+z=2
3x+2y+2z=-2
x—2y+z=1
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2 -1 1

D=<3 2 2) = 2x2X1+1x3x(=2)+(-1D)x2x1—(1x2x
e R

1+2x2x(=2)+3x(-)x1)=4-6-2-(2-8-3)=-4+9=5

D+0
2 -1 1
Dx=<—2 2 2)=10
1 -2 1
2 2 1
1 1 1
2 -1 2
D,=|3 2 -2]=-15
1 -2 1
10 -5 —15
X1=?=2 x2=?=—1 X3—T=—3

Answer:(2,-1,-3)

In conclusion, | would like to emphasize that for systems with a non-zero

determinant, Cramer's rule is one of the simplest and most convenient methods to

understand and apply.
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