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Annotatsiya: Maqolada tortinchi tartibli tartibli xususiy xosilali differencial
tenglama uchun tortburchakli sohada bir aralash-chegaraviy masala korib chiqildi.
Masala yechimining mavjudligi va yagonaligi korsatildi. Masala yechimini topish
uchun o6zgaruvchilarni ajratish usuli qéllanildi. Masala yechimi xususiy funkciyalar
boyicha gatorga yigib topildi. Yechimning yagonaligi ortonormallangan sistemaning
toligligidan foydalanib korsatildi.

Kalit sézlar: boshlangich-chegaraviy masala, ozgaruvchilarni ajratish usuli,
yechimning yagonaligi, mavjudligi, xususiy giymatlar va funkciyalar.

Kirish: Geofizikaning, okeanologiyaning birgancha masalalari, texnikada
kriogen suyugliklarni shuningdek, stratificirlangan suyugliklarni foydalanish
masalalari, elastiklik teoriyasining masalalari, bir jinsli sterejenning yoki balkaning
tebranish tenglamasi tortinchi tartbli xususiy xosilali differencial tenglamalar uchun
qoyilgan chegaraviy, boshlangich-chegaraviy masalalarni yechishga keltiriladi.

Tortburchakli sohada tortinchi tartibli xususiy xosilali differencial tenglamalar
uchun qoyilgan masalalar M.M. Smirnovning[10], T.D. Djuraevning va A.
Sopuevning[6], K.B. Sabitovning [8-9], A.Berdishevning va B.J. Kadirkulovning[4],
Ya. Megralievning [7], D. Amanovning[1-2], T. Yuldashovning[12],
A.Urinovning[11], Yu. Apakovning[3] va h.k. ishlarida garalgan.

[10] monografiyasida tortinchi  tartibli ~ xususiy  xosilali  differencial
tenglamalarning toliq klassifikaciyasi va u tenglamalar uchun qoyilgan masalalarni
yechish garalgan. [5] ishda tortinchi tartibli tenglamalar uchun bir chegaraviy masala
garalgan.

Masalaning qaéyilishi
Q={(x,y):0<x<p,0<t<p} sohada

Ugt +Uyox =0 1)
tenglamani kéramiz, bu yerda p,TeR.

Masala 1. Q sohada (1) tenglamaning quyidagi

u|X:0:O, u X:p:O, U,|.o=0,U, x:pzo’ 0<x<p (2)
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Ulo=2(0) u|=w(x) u]_=n(x) 0<t<p (3)
chegaraviy shartlarni ganoatlandiradigan
u(%,y) € G (Q) NCEH(Q)
sinfga tegishli yechimini izlaymiz, bunda w;(x),i=1,3 yetarlicha sillig
funkciyalar va

9(0)=p(p)=¢"(0)=¢"(p)=0,
w(0) =w(p)=y"(0)=y"(p)=0, »(0)=n(p)=0,

(4)

2. Masala yechimining mavjudligi
Masalaning yechimga ega ekanligini isbotlaymiz: (1) tenglamaning (2)
chegaraviy shartlarni ganoatlandiradigan trivial bolmagan yechimini
u(x, y) =X (U t). (5)
korinishida izlaymiz.
(5) ni (1) tenglamaga qoyish va 6zgaruvchilarni ajratish orgali X(x) va U(t)
funkciyalar uchun quyidagi differencial tenglamalarga ega bolamiz:
X®(x)= 44X () =0 (6)
U0+ 24U, ()=0 7

bunda 1% Ozgarmas.
(2) chegaraviy shartlarni hisobga olgan holda (6) tenglama uchun quyidagi
masalaga ega bolamiz:
{X("’)(x)—i"’X(x) =0
X (0)=X(p)=X"(0)=X"(p) =0 ®)
(8) masala trivial bolmagan yechimga ega boladi, bunda

K 4
zf:(%j . n=123,.. .

Bu sonlar (8) masalaning xususiy giymatlari deyiladi va ularga mos keladigan
normalangan xususiy funkciyalar quyidagi kérinishda béladi:

Xk(x):\/%sinﬁ—l:x. 9)

(7) ning bir jinsli yechimi

1
Py kt -
Uk(t) :ake_vkt —|—62V [bk COS[?th]-FCk Sln[gvkt]J

https://scientific-jl.com/ped 300 Volume-80, Issue-1, April -2025




“PEDAGOGS” international research journal ISSN: 2181-3027_SJIF: 5.449

érinishida boladi, bunda vy = 34¢ :(”_k
p

nomalum 6zgarmaslar. Ozgarmaslarni variaciyalash usulidan foydalanib yechimni

1
U, (t)=a, (t)e ™! + e2th (bk (t) cos(? vktJ + ¢, (t)sin [? vktn, (10)
kérinishida izlaymiz.
(1) tenglamaning umumiy yechimi

. 1
u(x, y) = EZ a, (e +e2 ! by (t) cos ﬁvkt +cy (t)sin ﬁvkt sin X
P2 2 2 p

413
} , neN va a,hb,c -hozircha

gator korinishida boladi. a(t), b, (t), ¢ (t) funkciyalarni topish uchun (10)

tengliktan 3 marta xosila olib (1) tenglamaga qdéyamiz va quyidagi tenglamalar

sistemasiga ega bolamiz:
1
a (t)e" +e2 ¢ {bk (t) cos?vkt +c, (t)sin ?vkt} =0

—a, (t)e ™" + e%th ﬂ 5 cos£ = £sm £vk }bk (t) +

{—sm£ t+ £cos \/_ t}ck (t)) =
2 2 2

a (te™ +e%‘/kt H%cos\/z_ \/_ \/_ }b (t) +

+[——S|n\/§ Vi J§ ﬁ t}ck(t)J:
2 2 2 2

Bu sistemani yechish orgali a[( (1), b|'( (t), c|'< (t) lar uchun

a, () =b, () =¢, (1) =0
tengliklarga ega bdlamiz. Endi bularni integrallash orqali a(t), b (t), ¢, (t)
funkciyalarni topamiz:

a(t)=a b () =h, ¢ (D =¢
Bu topilganlarni (10) tenglikka qoyish orqali
1
—v,t i
U, (t)=a.e ™! +e2 [bk cos[% vktJ +Cy Sin (@ vktD, (12)

yechimga ega bolamiz. Bunda a, b, c, -hozircha nomalum o6zgarmaslar.

ay, by, ¢ 6zgarmaslarni topish uchun (3) shartlardan foydalanamiz. (3) shartlardan

https://scientific-jl.com/ped 301 Volume-80, Issue-1, April -2025




“PEDAGOGS” international research journal ISSN: 2181-3027_SJIF: 5.449

Uy (0) = o, Uy (B) =wy, Uy (B) =1
kelib chigadi, bu yerda

2 < 7k
()=, |=> o sm—x w(X) = \/721/4( sm—x n(x) = an sin 22 x,
Pi=1 Pz p

2 B .7k 2 .7k 2k .7k
0= = [e()sin==cds :4/_'['/(5)3'”_5(15’7% = [=[n()sin==¢ds
Py p Py p Py p

(10) funkciyani (13) shartlarga qoyib

ak +bk :(Dk,

1
ake‘Vkﬂ + ezvkﬂ (bk cos[? vk,BJ +C, sin [?vkﬂn =Wy

n (14)
Py kﬁ Py kﬁ .
—v,e " a, +vke2v cos[%+§vkﬂjbk +vke2v sm[%+§vkﬂjck =1

tenglamalar sistemasiga ega bolamiz.
(14) sistemaning determinanti

A_\/Z_ v,e"’ — \/_kezkﬂ3|n£%+§vkﬁ]

boladi. Bu determinant giymati O dan katta boladi.
Unda (14) sistemaning yechimi

1 1
A kﬂ . > kﬁ -
ak:1 gokﬁvkevkﬂ—wkvkezv sin z+£vkﬂ +77ke2v sin ﬁvkﬁ ,
A 2 3 2 2
1
Y kﬂ .
bk:1 —¢k\/§vke 2V SIn Z'i'ﬁvkﬁ +
A 6 2
L (z B s (3
-I-l//k\/ke2 SIn §+7Vkﬂ —77ke2 SIn TVkﬂ

1
-—vpB
C :%lgok\/gvke 2 cos(%+§vkﬂJ—

1 1
Py kﬂ — Y kﬁ —
~Wy {vkeZV cos(%+§vkﬁ]+vke Vkﬂjwyk {ezv cos[?vkﬂj—e "kﬂ]]

boéladi.

(15

Y
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ay, by, ¢ koefficientlarning topilgan giymatlarini (12) da 6rniga oborib qéyamiz.
Demak (1) tenglamaning (2) va (3) shartlarni ganoatlandiradigan yechimi (12)
Korinishida boladi. a, b, ¢, koefficientlarini baholaymiz:

1
C SV ﬁ kﬂ
ay | SKll|(pk|Vkerﬂ +ly | vie? +|77k|e2 ]

1 1 1

C Y kﬂ >y kIB P>y kﬁ

b <=2 [ 2 +live? ” +lmle? (16)
Cy i kﬁ v kﬁ

|Ck|SX |(0k|Vke 2 |l//k|Vke2 +|77k|82 .

@ (X), . (X) larni 5 marta va 7(X) ni 4 marta bolaklab integrallaymiz.

1 _ _
P = ﬂ,fq’k(S) , (5) \/7 Iw(S)(x)cosﬂkxdx
_ _ 2
V=7 27O, g =\EIW§S)(X)COSde,
0

1_ _ 2 ¢ .
=77 77k(4), 77k(4) = \/:_[77154)(x)sm A xdx,
0

buyerda ¢?0(0)=p®P(p)=0, j=012, y®(0)=y)(p)=0, =012
14 =" (p)=0, =01

A Wi Tl larning bu qiymatlarini (16) tengsizlikning Ong tarafiga qoyib
\(/3&5) W \ﬁé“)\

K

a, b, ¢ uchun biz quyidagi baholashlarni yoza olamiz:

o <M, <M, [ |<M (17)
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a0 ]
+ +

|ak| <M k5 k5 k5

_ —(5 (4
) ] [
k® " k® ’ k®

b | < Me™”

a0 ] )
+ -+

|Ck|S Me_Vkﬂ k5 k5 k5

(11) gatorni hadma-had t boyicha 3 marta, x boyicha 4 marta differenciallaymiz.
(11) gatorning va uning mos xosilalaridan tuzilgan gatorlarning Q sohada teng
6lchovli yaqinlashuvchiligini kérsatish kerak.

1-teorema. Eger ¢(X),w(x)eC>[0,p], 7(x)eC*[0,p], hamda (4) maxsus

shartlarni ganoatlandirsa, unda 1l-masala yechimi bor va u (11) qator koérinishida
yoziladi.
Isbot. Agar (11) gator va uUning Uy, Uy Xosilalari Q sohada bir giymatli

aniglansa, unda ushbu gator orgali berilgan U(X,Y) funkciya 1 masala yechimi boladi.

(11) dan
2 - V, V,
ueC| <, =D law] + b fe"™” +[ei 6" (18)
pn=1
kelib chigadi. Unda (15) ni hisobga olgan holda (16) dan
O g R R
u(x, < —+ + <
‘ y‘ nzzl k5 n=1 k5 n=1 k5
boladi.
0 1,
uXXXX_Zﬂf{akevkyWLe 2 ky(bk cos(gvky}+ck sin[?vky J]Xk(x)
n=1
~(5) ~(5) —(5)
25 2 ] 2] 2]
| <[5 2 A (Gl +[Cole’” +[Cle’” ) <M | ==+ P e 3
Pna n=1 n=1 n=1

Bu tengsizlikning 6ng tarafiga Koshi-Bunyakovskiy tengsizligini gollaymiz:
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e <M ( \/é‘aﬁr ' \/ni;‘w)‘z + \/é‘ﬁé@‘z} \/ni [y

SM(Hq)vHLZ(OM p)]<oo

(11) gatordan 't boyICha uch marta xosila olingan gqatorning ham
yaqinlashuvchiligi shunday korsatiladi.

it

Masala yechimining turgunligi
Quyidagi normalarni kiritamiz:

||U(X’t)||L2[o,p] =[I|u(x,t)|2 dXJZ , ||U(X’t)”c(g) = mgx|u(x,t)| .

2-teorema. Mayli 1-teoremaning shartlari orinli bolsin. Unda 1 masalaning (11)
yechimi uchun quyidagi baholashlar orinli béladi:

w6t o =Ca el + I, +lorl, |

Ju () < Cs[ lels + 1, + I, |
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