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Abstract: This article focuses on the issues of determining the optimal size and 

speed of freight and passenger trains. In developing the current 

methodology, research was conducted based on previous scientific 

research. Currently, one of the pressing issues in railway transport is 

the problem of soil movement in windy areas, especially in desert 

areas. It is important to study the negative effects of wind on railway 

infrastructure and provide scientifically based solutions in this area. 

For this purpose, the effects of wind on the stability of rolling stock 

were studied. 
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Let’s consider the issues of determining the optimal speed of the train. The 

forward objective is to distribute the speed of freight and passenger trains in such a 

way that the minimum costs are achieved along the main line. The economic and 

mathematical model in question takes into account the time spent on effort and energy 

resources to overcome the main resistance, depending on the speed of the train [1-10]. 

To calculate the Optimal speed, it is proposed to take into account the change in a 

number of parameters of the transport process by directions, in particular, the axle load, 

the size of the train and the proportion of empty cars in the train. Defined mean  

when calculating the optimal speed using train-clock speed, the magnitude of the 

relative error was studied. One of the main directions for improving the organization 

of the transportation process in modern conditions is the optimization of the speed of 

freight and passenger trains, which largely determines the economic indicators of the 

Uzbek railway. In particular, an increase in the speed of movement will lead to an 

increase in energy costs for pulling and repairing trains, but maintenance of the rolling 

stock will reduce the costs associated with train working personnel, etc., and with 

additional measures will reduce the specific fuel consumption for pulling trains and 

increase the overall efficiency of the transportation process [11-15]. 

The study of train speed optimization and the search for optimal solutions was 

carried out in close connection with existing economic and technical factors. Thus, the 
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costs associated with pulling cars, 10,000 tons of km of brutto, should be calculated 

according to individual calculations of mechanical work for pulling a train, and not at 

the average rates of fuel (electricity) consumption. In general, the dependence of costs 

on train speed is described by the following looking equation: 

𝐸 = 𝑒𝑝·𝑐ℎ 
𝑆

𝑣𝑢𝑐ℎ
+ 𝑒, 𝐴   (1) 

Here: ev.ch - train-clock price; som; 

S - area length, km; 

Vuch - passenger train has a local speed of, km / h; 

ee - 1 kWh, working Price; 

The energy consumption for pulling an A-train is calculated and it is defined as: 

A =
(P+Q)g

3600ƞ
 (w0 + ie)S   (2) 

Here: R - is the locomotive mass, t; 

Q - is the mass of the train, t; 

g - free fall acceleration, m/s2; 

3600 - conductor coefficient (Dj kW per hour); 

ƞ - useful coefficient of work of a locomotive;  

w0 - main comparative resistance to train traffic, N / kN;  

ie - equivalent slope,‰. 

The main comparative resistance to the movement of wagons on roller bearings 

(qo > 6 t) is determined according to the following basic dependence: 

w0
′′ = agr

bgr+cgrv+dgrV2

q0
   (3) 

Here: agr, bgr , Cgr, dgr - are empirical coefficients depending on the type of road 

surface; 

qo - is the weight on the wheel pair axle, t. 

For empty wagons on roller bearings (q0 < 6 t), 

w0
′′ = bpor + cporv + dporv2   (4) 

Here: bpor, cpor, dpor - are empirical coefficients established experimentally. 

The resistance to the movement of a train consisting of loaded and empty wagons 

is determined in the following manner: 

w0 = αpw0
n + αpw0

gr
    (5) 

Here: ap, agr - the percentage of empty and non-empty wagons in the train, 

respectively; 

𝑎𝑝 + 𝑎𝑔𝑟 =1. 

After some modifications, we have the following expression: 

w0 = A′ + B′v + C′v2    (6) 

Here: A', B', C' - are the calculation coefficients. 
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An important conclusion follows from expression (6) that, if the train consists of 

empty and loaded wagons, the resistance to movement is described by a parabolic 

relationship. 

Let us write the basic specific resistance to train movement as follows: 

w0
n = A + Bv + Cv2    (7) 

Here, the above coefficients are determined as follows: 

𝐴 =
𝑄𝐴′+𝑃𝑎𝑙

𝑄+𝑃
;      (8) 

𝐵 =
𝑄𝐵′+𝑃𝑏𝑙

𝑄+𝑃
      (9) 

C =
QC′+Pcl

Q+P
      (10) 

Substituting the above expressions into the expression for basic operating costs, 

the following equation was obtained: 

E = ep∙ch
S

vβuch
+ e,

(P+Q)g

3600ƞ
∙ (A + Bv + Cv2 + i)S (11) 

Here: βuch - is the ratio of local speed to technical speed. 

Expression (6) does not take into account the costs of energy resources to 

overcome additional resistance from the curves. In the current “rules of traction 

calculations for train operation”, these costs do not depend on the speed of movement 

and therefore they are excluded in this economic and mathematical model. 

To find the minimum value, function (11) is differentiated: 
∂E

∂v
= −

ep∙chS

v2βuch
+

ee(P+Q)gS(B+2Cv)

3600ƞ
     (12) 

2𝑒𝑒(𝑃+𝑄)𝑔𝐶𝑆𝛽𝑢𝑐ℎ

3600ƞ
𝑣3 +

ee(P+Q)gBSβuch

3600ƞ
v2 − ep∙chS = 0 (13) 

After a series of substitutions and modifications of expression (13), we obtain an 

incomplete cubic equation: 

x3+px2+q=0  (14) 

The solution to such an equation can be found using Cardano's formula: 

𝑥 = √−
𝑞

2
+ √

𝑞2

4
+

𝑝3

27
  

3

+ √−
𝑞

2
− √

𝑞2

4
+

𝑝3

27

3

   (15) 

The optimal speed of the train that minimizes total travel costs is: 

𝑣𝑜𝑝𝑡

= √− (
𝐵3

2163
+

1800ƞ𝑒𝑝∙𝑐ℎ

2𝑒𝑒(𝑃 + 𝑄)𝑔𝐶𝛽𝑢𝑐ℎ
) + (

𝐵3

216𝐶3
+

1800ƞ𝑒𝑝∙𝑐ℎ

2𝑒𝑒(𝑃 + 𝑄)𝑔𝐶𝛽𝑢𝑐ℎ
)

2

+ (
𝐵2

36𝐶2
)

3

   +
3

 

+√− (
𝐵3

2163 +
1800ƞ𝑒𝑝∙𝑐ℎ

2𝑒𝑒(𝑃+𝑄)𝑔𝐶𝛽𝑢𝑐ℎ
) − (

𝐵3

216𝐶3 +
1800ƞ𝑒𝑝∙𝑐ℎ

2𝑒𝑒(𝑃+𝑄)𝑔𝐶𝛽𝑢𝑐ℎ
)

2

+ (−
𝐵2

36𝐶2
)

3

−
𝐵

6𝐶

3

 (16) 
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To estimate the train-hour cost parameter in the proposed model, it is determined 

not by calculating the average road speed, but by calculating the following train-km 

units: wagon-kilometer, wagon-hour, moving wagon-hour, diesel (electric) 

locomotive-kilometer, diesel (electric) locomotive-hour, locomotive crew-hour, gross 

ton-kilometers of wagons and locomotives, kilograms of conditional fuel, and costs 

associated with auxiliary linear travel are included in the locomotive costs (Table 1). 

Table 1 

Calculation of the cost rate per 1 train km when operating a locomotive 

Measurement Consumption rate, 

soums. Calculation 

formula for the cost of the 

meter 

Consumption rate, 

soums. Calculation 

formula for the cost of the 

meter 

Wagon-kilometer 8.4 T 

Wagon-hour 942,0 m/vuch 

Locomotive-kilometer 1145,0 1+K 

Locomotive-hour 5842,0 1/vuch+K 

Locomotive team-hour 17677,0 1/vuch+1.5 

As an example, the results of the study (Table 2) show that the structure of the 

wagon flow with electric and diesel traction has significant differences in even and odd 

directions. 

Table 2 

Initial data and results of optimization calculations performed for individual 

regions 

Options 

U-Kh Kh-U 

odd 

direct

ion 

pair 

way 

odd 

direction 

pair 

way 

Train-hour, price 

sum 

61831

9 

61831

9 
680032 680032 

1 kW/h, price s. 130 130 130 130 

Technical speed, km/h 69,48 68,11 45,16 44,23 

Area speed, km/h 68,6 67,93 42,14 39,22 

Train mass, t 3860 2170 4125 2165 

Cargo per unit, t/uq 16,07 9,15 17,38 8,56 

The proportion of empty wagons 

in the composition 
0,148 0,758 0,232 0,726 

The share of freight wagons in the 

composition 
0,852 0,242 0,768 0,274 

Number of wagons in the 

composition is wagon. 
60,1 66,6 59,3 63,3 
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Regional velocity coefficient 0,987 0,997 0,933 0,887 

Optimal technical speed, km/h 63,49 60,51 62,38 63,67 

Estimated price of a train hour, 

soums 

77970

0 

52168

2 
849660 510660 

Calculated optimal speed, km/h 69,36 56,37 68,04 56,57 

Relative error in determining the 

optimal speed based on the average 

train hourly rate costs, % 

8,5 7,3 8,3 12,6 

As seen in Table 2, the average train-clock consumption rate calculated optimally 

rarely corresponds to the optimal speed. This is because the composition of railcars by 

region is significantly different, and bringing all indicators to the average by road 

results in significant inaccuracies in the calculations. It can be argued that due to the 

low energy density of Transportation on electrified lines, the greatest faults are 

observed in friction areas with a locomotive driven on diesel fuel. 

Analysis of the behavior of the optimal train speed function in changing the 

parameters of the transportation process, such as the number of cars in the train and the 

load on the axle, in particular, allows you to draw the following conclusions: 

1. The dependence of Optimal speed on train mass is illustrated by a parabola 

(Figure 1). 

2. When trains maintain a traffic flow (empty wagon share and average axle load), 

an increase in train mass from Meyer will, as expected, lead to an increase in transport 

costs, but the minimum cost of the cost function, depending on the speed. it is achieved 

at a certain technical speed relative to the train. Thus, its change in value with the 

calculated train-hour speed does not exceed 5 km/h when the weight of the train 

increases more than twice (See Figure 1, a, curve v2). The use of the average track rate 

results in a sharp decrease in the amount of optimal speed, which is overestimated for 

trains with a small mass and weighing more than 3,000 tons (Figure 1 shows that curve 

a, v1 can reach 17% of train mass depending on the error). 

3. By keeping the constant value of the content in the direction, an increase in 

mass (up to a certain limit) is achieved due to an increase in the proportion of wagons 

loaded in the composition and, accordingly, an average load on the axle. At the same 

time, an increase in train mass leads to an increase in the cost of movement, but the 

minimum level of cost function is achieved with an increase in technical speed, the 

change of which is characterized by a parabolic dependence. Figure 1, 2, shows from 

the V2 curve that an increase in content mass from 2,000 to 5,000 tons indicates the 

need to increase the technical speed of the train from 61 to 95 km/ oat with a constant 

content equal to 60 cars. This results in a relative calculation error of 14% if used in 

train-clock speed optimization [15-24]. 
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Figure 1. The dependence of the optimal speed on the mass of the train is depicted 

by a parabola 

 
Figure 2. Dynamics of changes in the optimal speed of a freight train 

V1- by the average train-hour speed of the train; V2- by the calculated train-hour 

speed of the train: 

1 - the increase in the mass of the train is associated with an increase in the 

number of wagons with a constant axle load in its composition; 

2 - the increase in the weight of the train is associated with an increase in the axle 

load of wagons with a constant composition size. 

4. Analysis of the behavior of the optimal function allows us to conclude that the 

dependence of the optimal speed on the mass of the passenger train on the speed of the 

train is also described by a parabola. In this case, an increase in the mass of the train, 

as expected, leads to an increase in the cost of movement, but the minimum level of 

the cost function, depending on the speed of the train, is achieved by reducing a certain 

technical speed (within 5 km/h). The recommended optimal speed of movement varies 
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from 93 km/h (region U-Kh, consisting of 13 wagons) to 98 km/h (Kh-U, long-distance 

trains, consisting of 17 wagons) in different regions according to the calculation rates 

of passenger trains. In this case, the relative error of calculating the optimal technical 

speed by the existing method will be from 0,3% to 3%. 

Currently, studies are being conducted to optimize train speeds and find optimal 

solutions, taking into account the fact that many parameters of the transport process 

affect the main specific resistance to movement, in particular, axle load [9-14]. 

The optimization of the speed and mass of passenger trains is based on 

determining the minimum total economic costs associated with changing these 

parameters. The total current annual costs are determined as the sum of the previously 

discussed step-by-step costs: 

f(Q, vx) =
𝑣𝑥

2

𝑄
+ 𝐷3𝑣𝑥

2    (17) 

As can be seen from equation (17), the costs of the national economy depend on 

two variables: the mass and speed of passenger trains ΣE=f(Q, Vx). Taking the value 

of Q as a variable, differentiating in partial derivatives the condition (17) and setting 

the result to zero, we find the minimum of the reduced costs ΣE=f(Q): 

𝜕𝐸

𝜕𝑄
= −

𝐵1

𝑣𝑥𝑄2
−

𝐵2

𝑄2
−

𝐺1

𝑣𝑥𝑄2
−

𝐺3

𝑄2
+

(𝑥1 + 𝑦𝑣𝑥)(𝑧𝑣𝑥 + 𝑥2)

(𝑧𝑣𝑥𝑄 + 𝑥2𝑄)2
− 

−
𝐷𝑅(𝑎+𝑖𝑒+𝑏𝑣𝑥+𝑐𝑣𝑥

2)

𝑄2 −
𝐹2

𝑣𝑥
2𝑄2 +

𝐹2

𝑣𝑋𝑄2 −
𝐹3

𝑄2
+ 𝑃 + 𝑊 + 𝐷 − 𝐷2

𝑣𝑥
2

𝑄2 = 0  (18) 

 

Figure 3. Curves characterizing the average speed of passenger trains for 

different masses 
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Figure 4 - Curves for determining the optimal mass and average speed of 

passenger trains 

The optimal mass of a passenger train would be: 

𝑄 =
√

𝐵1
𝑣𝑥

+ 𝐵 +
𝐺1
𝑣𝑥

+ 𝐺3 +
(𝑥1 + 𝑦𝑣𝑥)(𝑧𝑣𝑥 + 𝑥2)

(𝑧𝑣𝑥 + 𝑥2)2 +
Ф1

𝑣𝑥
2 −

𝑃 + 𝑊 + 𝐷
→ 

_____________________________________________ 

→  
−

Ф2
𝑣𝑥

+Ф3+𝐷𝑅(𝑎+𝑖𝑒+𝑏𝑣𝑡+𝑐𝑣𝑥
2)+𝐷2𝑣𝑥

2

𝑃+𝑊+𝐷
   (19) 

We differentiate condition (19) with respect to vx and, after reformulation, we 

obtain the following expression: 

𝜕𝐸

𝜕𝑣𝑥
= −

𝐵1

𝑄𝑣𝑥
2

−
𝑉

𝑣𝑥
2

−
𝐺1

𝑣𝑥
2

−
𝐺2

𝑣𝑥
2

+ 𝐷 (1 +
𝑃

𝑄
) 𝑏 + 2𝑐𝐷 (1 +

𝑃

𝑄
) 𝑣𝑥 + 

 

+
1

𝑄

𝑥2𝑦−𝑧𝑥1

(𝑧𝑣𝑥+𝑥2)2 +
𝐹2

𝑄𝑥
2 −

𝑍

𝑣𝑥
2 −

𝐽

𝑣𝑥
2 + (2

𝐷2

𝑄
+ 2𝐷𝑒) 𝑣𝑥 = 0   (20) 

Substituting the value of Q in condition (20) into condition (19), we obtain an 

equation with one unknown variable Vx. It can be approximated by the Lobachevsky 

method or by solving transcendental equations, which can be achieved by determining 

individual real roots. The current task can be determined by the exact average speed of 

movement and a simple graphical-analytical method. 

The determination of different values of Q is carried out by the method of 

graphically solving the condition. For this, different values of Q are substituted into 

condition (19) and curves are drawn on the basis of these values in the coordinate 

system. The value of Vx for different Q is determined at the points of intersection with 

the x-axis. In this regard, firstly, from condition (20), different masses of trains Q', Q", 

etc. are determined for different values of Vx. According to the values in the figure, the 
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curve v=f(Q) is constructed in the coordinate system V'x, V''x, V'''x etc. At the 

intersection point of the curves Q=f(Vx) and x=f(Q), optimal values for the mass and 

average speed of passenger trains are found based on minimal economic costs. The 

accuracy of the optimal values of the average speed and mass of passenger trains 

depends on the step of variables adopted when solving conditions (20) or (19) [11]. 

𝐸𝑜𝑠𝑡 = 3,6(𝑃 + 𝑄)(𝛼𝑇𝑙𝑣𝑥)2 𝐿𝑛

𝑙𝑜𝑠𝑡

𝑔

1+𝑦
𝑐𝑒

𝐴𝑞𝑏𝑟

𝑎0𝑄
10−6 ∙ 2 ∙ 365 = 𝐷3

𝑣𝑥
2

𝑄
+

+𝐷3𝑣𝑥
2                                                                                                                                   (21) 

Here: lost - average distance between passenger train stops, km. 

𝐷2 =
2724З𝛼 𝑇

2 𝐶𝑒𝐴𝑞𝑏𝑟𝐿

𝑎0𝑙𝑜𝑠𝑡∙10−6 ;    (22) 

𝐷3 =
2724𝛼𝑇𝐿𝐴𝑐𝑒𝑞𝑏𝑟

𝑎0𝑙𝑜𝑠𝑡∙10−6 .    (23) 

 

Based on the above expressions, it is possible to determine the optimal mass and 

speed for any train set (train). 
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