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Annotatsiya

Ushbu mavzuda aniq integralning amaliy tatbiglari o‘rganiladi. Xususan, sirt
maydonini, jismlar hajmini hisoblash, fizik kattaliklar — masalan, ish, massa markazi,
statik moment kabi tushunchalarni integral orgali ifodalash usullari ko‘rib chigiladi.
Aniqg integral matematik modellashtirishda, texnika, fizika va igtisodiyot kabi fanlarda
keng qo‘llaniladi. Mavzu doirasida o‘quvchilar real hayotdagi masalalarni matematik
shaklga keltirib, integral orqali yechishni o‘rganamassa markazi,dilar. Bu esa nafaqat
nazariy bilimlarni chuqurlashtiradi, balki ularni amaliyotda qo‘llash ko‘nikmalarini
ham rivojlantiradi.

Kalit so’zlar: aniq integral, integral hisoblash, sirt maydoni, hajm hisoblash,
fizik tatbiglar, statik moment, kuch va energiya, matematik modellashtirish, koordinata
o’qlari.

AHHOTALUA

B naHHON TeMe u3y4aroTcsl MPAKTUYECKUE TPUMEHEHUS ONPENEIEHHOTO
HHTCIrpaa. B YaCTHOCTH, pacCCMATPUBAIOTCA MCETOAbI BBIYMCICHUSA IIJIOIIAAN
MOBEPXHOCTH, 00bEMA TN, a Takke (PU3NYECKHe BETUUYMHBI — TaKHe Kak paloTa,
OCHTPp MaAcCCHhI, CTaTUYECKUH MOMEHT — C HCHOJb30BaHUEM OHpeI[eJ'IéHHOFO
uHrerpaia. OnpenenéHHbld MHTErpajl MIUPOKO MCIOJIB3YETCS B MAaTEMaTUYECKOM
MOACIMPOBAHNH, TCXHUKC, (I)I/IBI/II(G U DKOHOMUKE. B paMKax TCMbI YHalIUCCA y4aTCs
bopMyIUpOBaTh pEaTbHBIE 3a/Jadd B MaTeMaTWUdeckod QopmMe H pemarh HX C
MOMOIIIbIO MHTErpajia. JTO CIOCOOCTBYET HE TOJIBKO YIITYOJEHHUIO TEOPETHYECKUX
3H8.HI/II>1, HO U pa3BUTHUIO MMPAKTHYCCKNX HABLIKOB UX IIPUMCHCHMS.

KuroueBbie ciioBa: onpenesi€HHbIA WUHTErPAJI, UHTETPAJIbHBIE BBIYMCIICHHUS,
Iiomanab IMOBCPXHOCTH, BBIYUCJIICHUC 061;eMa, CI)I/ISI/I‘-ICCKI/IC IIPUITOKCHUA,
CTaTUYECKHUU MOMCHT, CHJIa MW OHCPIusd, MATCMATHYCCKOC MOIACIUPOBAHUC,
KOOpAUMHATHBIC OCH.
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Annotation

This topic explores the practical applications of the definite integral. In
particular, it examines methods for calculating surface area, volumes of solids, and
physical quantities such as work, center of mass, and static moment using definite
integrals. The definite integral is widely used in mathematical modeling, engineering,
physics, and economics. Within this topic, students learn to translate real-world
problems into mathematical form and solve them using integrals. This not only deepens
their theoretical understanding but also enhances their practical application skills.

Keywords: definite integral, integral calculation, surface area, volume
calculation, physical applications, static moment, force and energy, mathematical
modeling, coordinate axes.

Kattaligi o’zgaruvchan va f(x) funksiya bilan aniqlanadigan kuch moddiy
nuqtani [a,b] kesma bo’yicha harakatlantirganda bajarilgan A ish

A= fb f(x)dx

formula bilan hisoblanadi.

Biror o’zgarmas tezlik bilan to’gri chiziq bo’ylab tekis harakat gilayotgan
moddiy
nuqtaning [a,b] vaqt oralig’ida bosib o’tgan S masofasi S= v(b-a) formula bilan
hisoblanadi.

Tezligi har bir t vaqtda o’zgaruvchan va v=v(t) funksiya bilan aniglanadigan
notekis harakatda moddiy nuqtaning [a,b] vaqt oralig’ida bosib o’tgan s masofasi

S= ]b v(t)dt

formula bilan aniglanadi.
Ma’lumki, inersiya momenti  tushunchasi  mexanikaning  muhim
tushunchalaridan
biri hisoblanadi. Tekislikda m massaga ega bo’Igan A moddiy nuqta berilgan bo’lib,
bu nugtadan biror I 0’qqacha ( yoki O nuqtagacha) bo’lgan masofa r ga teng bo’lsin.
U holda J=mr2miqdor [ o0’qga ( O nuqtaga) nisbatan inersiya momenti deb ataladi
Masalan, tekislikdagi m, massaga ega bo’lgan A=A (X,y) moddiy nugtaning
koordinata o’qlariga hamda koordinata boshiga nisbatan inersiya momentlari mos
ravishda
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formula orgali hisoblanadi.

Mo, My oc. , My

Masalan, tekislikda har biri mos ravishda massaga ega

bo’lgan AO(-"O:}'O)r Al(xl'.\'l): An—l(xn—l'yn-l) moddiy nuqtalar

sistemasining koordinata o’qlariga hamda koordinata boshiga nisbatan inersiya
momentlari mos ravishda

n—1

n—1 n-1
O =2 mab J0=) mak =) mhl)
k=0 k=0

k=po

formulalar orgali ifodalanadi.

Biror y=f(x) egri chiziq yoyi bo’yicha massa tarqatilgan bo’lsin. Bu massali
egri chiziq yoyining koordinata o’qlari hamda koordinata boshiga nisbatan inersiya
momentlar

b b
= [ ATAFOFa = POV OR

b
h=[ G+ TF TR

a

formulalar orgali ifodalanadi.

Oxy tekislikda massalari my, My, .., My, bo’lgan
Py (31, 1), P2 (22, y2), wov) P (%, Yn)
material nuqtalar sistemasi berilgan bo’lsa, u holda, *i"™ V2 Vi ko paytmalar ™
massaning 9% va 9Y o’glariga nisbatan statik momentlari deyiladi.

Berilgan sistemaning og’irlik markazi koordinatalarini *cva Yclar bilan
belgilaymiz.U holda, mexanika kursidan ma’lum bo’lgan

L xmy + XMy + et XMy Xing X

X, -
m + my; + .. +m, =1 My

Ly Yy + et Yy Yt Yy

Ye my + my + .. +my n,oom

formulalarni yozishimiz mumkin.
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y=fx)(asx<=b) tenglama bilan berilgan AB egri chiziq yoyining og’irlik

markazi koordinatalari quyidagi integrallar bilan aniglanadi.

_f; xds_ff 1+ [f(x)]? dx

Xp =
[ods ) JI+[F (0P dx

=f.: f&x) dssz FOOV1+ ()] dx
g [, ds [ Vit dx

y=fl, y=fl), x=a x=> chiziglar bilan chegaralangan tekis figura

og’irlik markazining koordinatalari
1.b 2 5
5). [ —fi(x) ]dx

) =J-ﬂa x[fa(x) — filx)]dx . _2)a
TP B@-Aaeld T 2 ARG - AM)dx

formulalardan topiladi.

v = f(x) funksiya grafigi, x =a, x=b ikkita to’g’ri chiziglar va OX o’qi
bilan chegaralangan figuraga egri chizigli trapesiya deyiladi. Bunday egri
chizigli trapesiyaning yuzi
h h
S=j'yd_\'=_[f(x)d\' (1)
o o
formula bilan hisoblanadi.
Umumiy hol, ya'ni y, =/f(x), »y,=/(x), [fr(x)2[f(x)
chiziglar bilan chegaralangan yuza

S, = [12(x)= £, (x)ldx (2)
aniq integralga teng bo’ladi .
x=@(y), v=¢, y=d, x=0 chizglar bilan chegaralangan yuza
(3)

d J
S, = [xdv=[@(y)dy

aniq integral bilan hisoblanadi.

To’g’ri burchakli koordinatalar sistemasida y=f(x) [a,b] kesmada silliq (ya’ni

y={(x) hosila uzluksiz ) bo’lsa, bu egri chiziq yoyining uzunligi
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b ——
= [y1+ () dx (5)

formula yordamida hisoblanadi.
Egri chiziq parametric tenglama
x=x(t)
{1 = y(r)
bilan berilgan bo’lsa, yoy uzunligi
D p—
(= N + () ar

a

aniq integral bilan hisoblanadi.

Sillig egri chiziq qutb koordinatalarida »=r®). (@<¢<p) tenglama bilan
berilgan bo’lsa, yoy uzunligi

& 2 2
1=[yr’+(r) de

a

formula bilan hisoblanadi.

Y/ 2/ >/

T-misol.x”? + y73 = a’’
astroida yoyining uzunligim toping.
Yechish: Astroida Kkoordinat o’glariga nisbatan simmetrik
bo’lganligi uchun 1/4 yvoy uzunligini topamiz.
Oshkormas funksiya hosilasiga asosan
2 2
+

[
33 Byp3
formulasiga asosan,

1= 4 T ) ax = 4] 1+ [ 3 ) e =

1

~ . Yoy uzunligi

Vv
' X

-

y'=0 bundan, 3y =-

s | A

2

a '__:I,— a ; — 1 _ j & 3 . 2 N\
= 4I 'a—:—dx = 4Ia—ldx =4 ’\"ajx ‘dx=4Va _r’ =4=-a -[a-‘ -0 |= Ga.
[T \‘ x3 0 3 a T]“ 2 y
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y=f(x),x=a,x=b, y=0 chiziglar bilan chegaralangan figuraning OX
o'qi atrofida aylanishidan hosil bo'lgan jismning hajmi

V,= :r?yzdx = x}f:(x)dx (7)
aniq mtegral bilan hisoblan;’di. “
x=@ly), y=c, v=d, x=0 chiziglar bilan chegaralangan figuraning
OY o'qi atrofida aylanishidan hosil bo’lgan jismning hajmi
V, = )t(j!xzdy #t‘jigvz(y)dy (8)
¢ ¢

formula bilan hisoblanad.

8-misol. 3° =2x parabola. x=3 to’g'ri chizig va OX o'qi bilan
chegaralangan figuraning OX o’qi atrofida aylanishidan hosil bo’lgan jismning
hajmini hisoblang,

Yechish. Masala shartiga ko'ra x o dan 3 gacha o'zgaradi. Demak,

3 i 3
3 3 4 5
V,=a[y'dc=r[2xdx=mx" |=nr(3" -0°)=9r.
0 0 0
PR
9-misol. 5 + T =1 ellipsning OY o’qi atrofida aylanishidan hosil
al 2

bo’lgan jism hajmini hisoblang.

Yechish. Bunday jismga aylanma ellipsoid deyiladi. Ellips
tenglamasidan

2

xt= az{l —'; ] bo’lib, integralning chegaralari c=-b, d =5

-
-

bo’ladi, (8) formulaga asosan,

b ,2 & b 2 0b : < h 2 3 b
rr =”I02{|-27}ly=m‘ Idy—m, Iy"dy:m‘y I_’;a’ D o =
; b b~ b b b —bJ h* 3 i
=mi’[b—(-b)]-x a’ k" —(—b)3]= S = e e
3b° 3 3

Demak, V = gmz

h )

a =b = R bo'lsa, shar hosil bo'lib V, = gm?-‘ bo’ladi.
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Xulosa qilib aytganda, aniq integral matematik analizning asosiy tushunchalaridan biri
bo‘lib, uning nazariy asoslari hamda amaliy qo‘llanilishi keng ko‘lamli masalalarni hal
qilishda muhim o‘rin tutadi. Ushbu ish davomida aniq integralning fizik, geometrik va
mexanik tatbiglari chuqur o‘rganildi. Xususan, yassi figuralarning yuzini hisoblash,
egri chiziq yoyining uzunligi, aylanma jismlarning hajmi va yuza maydonini topish
kabi masalalarning barchasi aniq integral orqali ifodalanishi mumkinligi ko‘rsatildi.

Shuningdek, aniq integralning fizikadagi tatbiglari — masalan, ishni hisoblash,

kuchlarning ta’sirini aniqlash, og‘irlik markazini aniqlash va inersiya momentini

hisoblash kabi ko‘plab amaliy masalalarni yechishda asosiy vosita sifatida xizmat
qilishi ta’kidlandi. Bu esa aniq integralni nafaqat nazariy jihatdan, balki real hayotdagi
texnik va ilmiy masalalarda ham samarali qo‘llash mumkinligini isbotlaydi. Ushbu
mavzuni o‘rganish natijasida aniq integralning nafagat matematik tahlil vositasi, balki
turli sohalardagi real muammolarni yechishda muhim metod ekanligi aniglandi. Bu
mavzu bo‘yicha chuqur bilimlarga ega bo‘lish, kelgusida ilmiy tadqiqotlar olib borish
va amaliy masalalarni yechishda mustahkam poydevor bo‘lib xizmat qiladi.
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