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Annotatsiya: Ushbu magolada olmos panjaradagi diskret Shrodinger
operatorining muhim spektri o‘rganiladi. Tadgigotda ushbu operatorning spektral
xossalari, xususan, spektrning tarkibi, uning nuqgtaviy va uzluksiz qismlari,
shuningdek, bu operatorga bog‘liq bo‘lgan matritsali ifodalar tahlil qilinadi.
Shuningdek, olmos panjaraga xos bo‘lgan geometrik va topologik tuzilmalarning
operator spektriga ta’siri ko‘rib chigiladi. Olingan natijalar kvant mexanikasi, kristall
panjaralardagi elektron holatlarini modellashtirish, va matematik fizika sohalarida
go‘llanilishi mumkin. Maqgolada analitik metodlar bilan bir gatorda, ba’zi misollar
orgali operator spektrining strukturaviy xususiyatlari ham ochib beriladi.

Kalit so‘zlar: olmos panjara, regulyar nuqta, spektr, operatorning spektri,
diskret spektr, muhim spektr, kompakt operator.

Quyidagi to‘plamni garaymiz:

A, = {v(m): v(n) =nvy +nyv, n=(ng;ny), neZ?},

bu yerda v, =(-1;0;1) v,=(0;-1;1).

Ta’rif 1. A, to‘plamga 2 o‘lchamli olmos panjara deyiladi.

Quyidagi to‘plamni kiritamiz:

Q=4,U@+4), p=:(-1;-1;2).
£,(Q) - orqali Q dakvadrati bilan jamlanuvchi f(n) = (f;(n), f,(n)) funksiyalar
juftligini belgilaymiz. Bu fazo Gilbert fazosi bo‘lib, skalyar ko‘paytma quydagicha
aniglangan

(£.9) =) 3hmam+ ) 3f5m.
VEA, ve(p+A4z)

T = (—m;n]. L,'"¥(T?) — T2 da aniglangan kvadrati bilan integrallanuvchi
f(x) = (f;(x),f,(x)) funksiyalar juftligining Gilbert fazosi bo'lsin. Bu yerda
skalyar ko‘paytma quydagicha aniglangan:

(f,9) = (f1, 91) + (2, 92)

A,
www https://scientific-jl.com 244 65-son_1-to’plam_1yul-2025


mailto:sabinaoktamova06@gmail.com
mailto:navruzusmonov417@gmail.com

ISSN:3030-3613 \,‘44/ TADQIQOTLAR jahon ilmiy — metodik jurnali

TADQIQOTLAR

(fog0) = j FOG® dx, i
']I*Z

I
l—\
N

Quydagi F : £,(Q) = L,"®(T?) unitar operatorni kiritamiz:

F=(C 0 hw=2Y ewif

nezZ2
Bu operator teskarisi F~1:L,®(T?) - #,(Q) quydagicha aniglanadi:
- -1 b V3 —i
Fr=( ) FN6) =5 eI f()dx
bu yerda (s,x) = s1x; + S, x5.
Olmos panjaradagi diskrit Shredinger operatori H ushbu £,(Q) fazoda
chegaralangan o°z-o°ziga go‘shma operator sifatida quyidagicha aniglanadi:
H=-30,+1D+0
bunda  (=3(4; + DF @) = (L) (fi)(m)),
bu yerda (Nf2)(n) = f(n) + fo(n — 1) + fo(n — &)
(V2f1)(n) =fim) +filn—e) + fi(n—ey)
e;, e;,,n €, n=(n;;n,), eg=1(1;0), e, =(0;1).
Q- Q da aniglangan zarrachalarning o‘zaro ta’sir potensiali bo‘lib, ular
quyidagi formulalar bilan aniglanadi:

(G o )(f1<n)):<él<n)f1<n>>
@A) ( 0 0,m)\hm)  \GmAMm

bunda

Yiaml<o, Y [0um|<o .
neA, ne(p+A4Az)
H operatorni koordinata ko‘rinishidan impuls tasvirga o°tish F almashtirishilari
yordamida amalga oshiriladi.
H=FHF'=F(-3(0,+1)F*+FQF*.
H operator olmos panjaradagi diskrit Shredinger operatorining impuls tasviri
bo‘lib, u quydagicha aniglanad:
H=H,+Q, 1)
bu yerda: H, vaQ 2 x 2 matritsa uchun matritsa operatorlari bo‘lib, L,® (T?)
da quyidagicha aniglanadi:
0 E(x)) (fl(x)> 2 (E (x)fz(x)>

(Hof)(x) = (m 0 E(x)fy(x)

f2(x)
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@0 =(§ ) (20) = (i)

bunda, E(x) —2 o'zgaruvchili kompleks giymatli funksiya
E(x) = ;(1 + e 4+ e%2) | Q; — L,(T?) daaniglangan integral operator

wmwo=f@@—ﬂmmw i=1,2,
’]I‘Z

Q;(-) — T? da aniglangan hagiqiy giymatli biror uzluksiz, juft funksiya.

Mazkur magolada L,® (T?) — Gilbert fazosida (1) ko‘rinishda aniglangan
Olmos panjaradagi diskret Shredinger operatori H = Hy + Q ning muhim spektrini
o‘rganamiz.

Bizga ma’lumki biror A € C uchun A — Al operator teskarilanuvchan bo‘lsa, u
holda A soni A operatorning regulyar nugtasi deb atalar edi va A operatorning
barcha regulyar nuqtalari to‘plami p(A) kabi belgilagan edik.

Ta'rif 2. a(A) = C\p(A) to ‘plam A operatorning spektri deb ataladi.

Ta'rif 3. 1€ ad(A) son yakkalangan, A operatorning chekli karrali xos
giymatlari to ‘plami diskret spektr deb ataladi va o,;,.(4) deb belgilanadi.

Ta'rif 4. 0,4(A) = 0(A)\0dgisc(A4), A muhim spektr deb ataladi.

Ushbu tadgigotning asosiy teoremasi quyidagidan iborat

Teoremal. o(Hy) =[—-1;1].

Isbot. Bizga ma’lumki [Reed Simon], H, 2 X 2 matritsa operatorining
spektri quyidagi formula bilan aniglanadi:

o(Hy) = | | oty o). )

XET?
Bunda H, (x) — har bir fiksirlangan x € T?da 2 x 2 sonli matritsa

bo'ladi, ya'ni
0 Ex)
Hy(x) = (m 0 ) ’
Shuning uchun H, (x) ning spektri xos giymatlaridan iborat bo‘ladi, yani
har bir tayinlangan x € T2 larda det|H, — AI| = 0 tenglamaning ildizlaridan
iboratdir. Bu tenglamani tuzamiz:

=00~ o)~ )

E(x) = %(1 + e 4 ei%2)

~(ew 1)

1 E®) _
det|H, — Al| = [—— =0 = AP —-FEX)'Ex)=0 =
et|H, | Ao (x)-E(x)
= [E@)? = A,=tlE®)|, x€eT2

bu yerda
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.............................. 2__11x1x1—1x—zx_1
|E ()| —E(x)E(x)—3(1+e 1+e 2) 3(1+e 1+e 2)— 9(3+
eix1 + e—ix1 _I_ eixZ + e_ixZ _I_ +ei(xl_X2) + e—i(xl—xz)) —
= %(3 + 2cosx; +2cosx, + 2cos(x; —x5)).

Shunday qilib,
o(Ho(x)) = { xos qiymatlari } = {—|E(x)|; |[E(x)] }.
Demak, (*)gako‘ra
0(Hp) = Uxerz 0(Ho(x)) = Uxer2{—|E()|; |[E(x)] }
= —Ran{|E(x)|} U Ran{|E(x)[}.

Endi |E(x)| = max %(3 + 2cosx; +2cosx, + 2cos(x; —x,)) =1 va

X
rréiTglE(x)l = 0 ekanligidan, ushbu —Ran{|E(x)|} =[-1;0] va Ran{|E(x)|} =
X

[0; 1] tengliklarni hosil gilamiz.
Demak o(Hy) =[—1;1].
Teorema isbotlandi.
Lemmal. Q : L,P(T?) - L,®(T%) kompakt operator.
Isbot. Q : L, (T?) - L, (T?). operatorni ko'rinishi quydagicha edi:

@@ = (G0) = (L )

(Q2/2)(x)

bunda, (Q;f)(x) = [, Qi(x — O)f;()dt.  i=1,2, py,u, >0.

Biz Q operatorni kompaktligini ko‘rsatishimiz uchun har bir i € {1,2} da

Q; : L,(T?) » L,(T?) operatorni kompakt ekanligini ko'rsatamiz. Ma’lumki,

QifH(x) = sz Qi(x —t)f;(t)dt. operator kompakt bolishi uchun

Jpz Jr2 1Qi(x — £)|?dtdx < oo bo'lishi zarur va yetarli. Shartga ko'ra Q;(-) —

ikkala o°zgaruvchi buyicha ham T? da aniglangan biror uzluksiz funksiya.
Bundan [, [, |Qi(x —t)|*dtdx integral mavjud va chekli. Demak Q;

kampakt , ya'ni Q kampakt operator.

Teorema 2.0,,(H) =0(H,) =[-1,1].

Isbot. Muhum spektr turgunligi hagidagi Veyl teoremasi_ga kora H =
Q + H, operatorning muhim spektri Q kompakt o zg alishda o zgarmaydi va
H, operator spektri bilan ustma-ust tushadi. Q kampakt operator. Bu yerdan esa
xulosa o,.(H) = o(Hy).

Teorema isbotlandi.

Biz endi H = Hy, + Q operatorning Q = u; > 0,i = 1,2 holdagi xos giymati va
unga mos xos vektorini topish masalasini ko‘rib chigamiz. Buning uchun quyidagi
belgilashlarni kiritamiz:

_ All AlZ
D& =p, A,

, Ko‘rinishdagi 2x2 matritsa, bunda
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|E(s)|2—22 22 ) |E(9)|? — 22
] TZ @
Ay = EG) ds, A 1+z f . ds
\ 21— M1 i |E(S)|2_Z2 27 Uz |E(S)|2—Z2

Teorema 3. z € R\[-1,1] soni H operatorning xos giymati bo‘lishi uchun
D(z) = 0 bo‘lishi zarur va yetarli.
Isbot(Zaruriyligi): z sono H operatorning Xos giymati bo‘lsin, ya’ni
HY = zy
Y = (Y1, 2), 1, P, € L(T?)

tenglik bajarilsin.  H operator chizigliligidan

E 2 d
o= on=nron= (G5 (00 ()

E(x) Joo a2 (s) ds
Bu yerdan quyidagi tenglamalar sistemasini hosil gilamiz:
(
B + [ () ds =2, @)
; x (2)
EGIG) + ks [ 92(5)ds = 7, )
. 2

Quyidagicha belgilash kiritamiz

o= f P ds, € = ] P&)ds @)

U holda (1) ga (2) ni qo‘yib quyidagi sistemasiga ega bo‘lamiz:
{E(x)wz(x) + w1, G = 2, (x)

E(x)1(x) + pC; = zp,(x)
bundan
{@lpz(x) = —u, C; + 21 (x) (4)
E(x)Y,(x) = —up Gy + zip,(x)
ni hosil gilamiz. Dastlab birinchi va ikkinchi tenglamani mos rvishda E (x) va E(x)
larga ko‘paytiramiz:
{IE P2 (x) + w E(x)Cy = zE (x)ih1(x)
|EQO)*1h1(x) + u2E(x)Co = zE ()1, (x)
Oxirgi sistemaga (3) ni go‘yamiz va quyidagi sistemani hosil gilamiz:
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{|E(x)|21/)2(x) + #1%61 = Z(_#zcz + 7y, (x))
|E(x) %1 (x) + i E(x)C, = Z(_.U1C1 + Z¢1(x))
yoki
{(lE(x)lZ -z, (x) = _M1mc1 — ZUp Gy
(IE@)I? = z2*)1(x) = = E(x)C; — zp, Cy
|E(x)|?> — z* # 0 ekanligidan v, 3, funksiyalarga ega bo‘lamiz:

_ 2 E (x) Zl
Vi) =TGR — 22 T TEGR -2 i
#1% Zla (>)

V200 = " Er -2 TEwR -2
Endi (5) ni (3) ga olib borib go‘yamiz va quyidagini hosil gilamiz:

f
1 u2E(s) Zl1
Cl‘fz ( EGP -2 |E<s)|2—zzcl>ds
T

4 i E(s) Zl2
CZ‘f ( EGE =22 |E(s)|2—z262>ds
T2

E(s)

1
;|1 d C ds =0
: +Z“1J2|E<s)|2—z2 |7 | Eer -2
T T

\
.

E(s)

C ds |=0
) EGE =22 3
T

ds+C,| 1+ zu,

f 1
E 2 _ 52
\ JEGP -z

bu yerdan (1) ga ko‘ra
{ClA11 + C,A,=0
CiAy1 + C,A,,=0
ko‘rinishdagi tenglamalar sistemasiga kelamiz. Bunda ¥ = (y¥,,4¥,) vektor H
operatorning xos funksiyalari bo‘lganligi uchun (C;,C,) # 0 bo‘lishi lozim. Bizga
algebra kursidan ma’lumki, bir jinsli tenglamalar sistemasi noldan fargli yechimga ega
bo‘lishi uchun asosiy determinant nolga teng bo‘lishi zarur. Bundan

A11 A12
D(z) = =0
da) A s
Yetarliligi: Faraz gilaylik, z € R\[-1,1] ga D(z) = 2“ ﬁ“ = 0 bo‘lsin. U
21 22

holda shunday (C,, C;) # 0 mavjudki,
A11C; + 44,6, =0
{A21C1 +4,,0, =0
tengliklar o‘rinli bo‘ladi.
Y = (Y4,Y,) vektorda Y, va Y, lar quyidagi ko‘rinishda bo‘lIsin:
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_ 2 E (x) Zly
N = T EE - 2% T E@E -2
wE (x) Zjiy

Ve = TR -2 T EE -2

Y = (Y4,Y,) ni H operatorning xos vektori ekanligini ko‘rsatamiz. Buning uchun H

Y

operatorning iy = ( " ) vektorga ta’sirini qaraymiz.

2
HY = (Hy + Q) = ((% (2 '@) (sco)

|/ E@ @ + i [ i) ds\

#1 72 I < (@E[h(x) +.U1C1>
| ol | \EQ)Y:(x0) + 126,
\E(x)llh(x) + Uy j P, (s) dS/

TZ

Bu tengliklarga (4) ni keltirib go‘yamiz:
i E(x) ZUz \
/E(x) ( |E(x)|? — z2 Ciks |E(x)|? — z2 CZ) i

Hy = | =
= p2E (x) Zl
E — C, —
m( E@E 222  [EmP -2 1) T
| E (x)|? zp, E (x)
EGPE -2t b T pmr =2
Zlq #2|E(x)|2 5
EGOIE -2 "B — 22 02 T He2
SEQOP+IE@P-2  mmE@)
EZ—2z2 "M T E@E =22 2
o L TE@PHE@P -2
ECOIZ— 22 HOIE
—z? E ZU, E (x) L
EGOEZ -2z TIE@PE—22 2 |
2 _
Zlq Z
— s
\ ECOIZ— 22 |E(x)|2—z2“262/
—Z e 2 E (x) C
| TE@PE=22"" TR =22 =Z<¢1>
258 zZ 1,02
- C, — U, C,
EGIZ—22 ' [E@P - 22
yoki bundan
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= 2(})

tenglikka ega bo‘lamiz. Demak, ¥ = (¥, ¥,) H operatorning xos funksiyasi va z soni
H operatorning xos giymati ekan. Teorema isbot bo‘ldi.

Isbotlangan teoremaga asosan, aytish mumkinki H operatorning muhim spektri
[—1,1] dan iborat, R\[—1,1] da esa deskrit spektri mavjud.
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