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Annotatsiya Ushbu maqolada chiziqli bo‘Imagan integral tenglamalarni sonli usullar
yordamida yechish masalasi ko‘rib chiqilgan. Bunda iteratsion yondashuvlarning mohiyati
va ularning konvergensiyasi tahlil gilinadi. Newton-Kantorovich va Picard iteratsiyalari
singari metodlarning qo‘llanilish xususiyatlari, ularning afzalliklari va cheklovlari amaliy
misollar orgali yoritilgan. Bu usullar integral operatorlar uchun sonli taxminlar olishda
muhim vosita hisoblanadi. Maqola chizigli bo‘lmagan modellar asosida fizik jarayonlarni

tahlil gilishda samarali algoritmlarni ishlab chiqgish uchun foydalidir.

Kalit so‘zlar: Integral tenglama, chizigqli bo‘lmaganlik, iteratsion usul, Picard

metodi, Newton-Kantorovich yondashuvi.
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AHHOTauMs: B MaHHOW CcTaThe paccMaTpPUBAETCs 3a7aya YUCICHHOTO PELICHUS
HEJIMHENHBIX MHTETPAJIbHBIX YPABHEHUM C MOMOIIBIO UTEPALMOHHBIX MeTOoA0B. Ocoboe
BHUMaHue yzaeneHo meronam llukapa u Herorona-KantopoBrnua, mx NpUMEHUMOCTH,
CXOJUMOCTH Y YUCJIEHHOW YCTOMYMBOCTH. Takke MpUBOAATCA IPUMEPBI PEATU3ALUU 3TUX
METOJIOB ¥ aHAIM3UPYIOTCS UX IPEUMYILECTBA U orpaHudeHus. [lonydeHHbIe pe3ynbTaTsl
MOTYT OBITh TMOJIE3HBI MPU MOCTPOCHUU YHUCIEHHBIX AJITOPUTMOB IJII MOJAEIUPOBAHUS
(U3MYECKUX MPOLIECCOB, OMUCHIBAEMbBIX HEJIMHEWMHBIMU UHTEIPAJIbHBIMUA YPABHEHUSIMHU.

KiaroueBsblie ciaoBa: VHTerpanpHOe ypaBHEHUE, HEJIMHEWHOCTb, UTEPALMOHHBIN

meton, metoA Ilukapa, mogxon Herorona-Kantoposuya.

Annotation: This article addresses the numerical solution of nonlinear integral
equations using iterative methods. Special focus is given to the Picard and Newton-
Kantorovich methods, including their applicability, convergence properties, and numerical
stability. Examples are provided to illustrate the implementation and behavior of these
methods. The results can be applied to develop efficient numerical algorithms for modeling

physical processes governed by nonlinear integral equations.

Keywords: Integral equation, nonlinearity, iterative method, Picard method,

Newton-Kantorovich approach.
Kirish

Integral tenglamalar — ko‘plab matematik fizika, texnika va muhandislik modellarining

ajralmas qismi hisoblanadi. Ular orqali issiqlik almashinuvi, elektromagnit to‘lginlar

tarqalishi, elastiklik nazariyasi kabi ko‘plab fizik jarayonlar ifodalanadi. Aynigsa, chizigli

bo‘lmagan integral tenglamalar real tizimlarning noanigligini ifodalashda muhim rol

o‘ynaydi. Bunday tenglamalarni analitik yechish har doim ham imkoni bo‘lmaganligi

sababli sonli iteratsion usullar muhim ahamiyat kasb etadi.

Chiziqli bo‘lmagan integral tenglamalar haqida tushuncha

Chizigli bo‘lmagan Volterra tenglamasi:

p(x) = f(x) +f K(x, t,(p(t))dt
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Fredgolm tipi:

b
o(x) = f(x) +j K(x, t,(p(t))dt

Bu yerda K(x, t, ¢(t))dt — yechim ostida noliniy gatnashuvchi yadro.

Iteratsion usullar mohiyati

1. Picard iteratsiyasi

Picard iteratsion usuli quyidagi ketma-ketlik orgali aniglanadi:

b
Pni1(x) = f(x) + )\j K(x, t, gon(t))dt, n=20,12,..

a

Bu yerda K(x,t,d(t)) — noliniy yadro funksiyasi bo‘lib, yechim ¢(t) integral ichida
chizigli bo‘lmagan shaklda (masalan, kvadrat, sinus, logarifm va h.k.) gatnashadi. Bu usul
oddiy va tushunarli bo‘lsa-da, kuchli chizigli bo‘lmaganlik mavjud bo‘lganda

konvergensiyani kafolatlamaydi.
2. Newton-Kantorovich usuli

Bu wusul chizigli bo‘lmagan operator tenglamani lokal chiziglashtirib, yechimni

takomillashtiradi:
Formulasi:
Pns1 = ¢n — [F' (@) 7 Fen)
Bu yerda:
F — integral operator (chizigli bo‘lmagan);

F’— uning Fréchet hosilasi (ya’ni operatorning differensiali).
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Sonli yechim algoritmi (Kress, 1999 asosida)
Quyidagi bosqgichlar chiziqli bo‘lmagan integral tenglamani sonli iteratsion Yyechish

uchun go‘llaniladi:

1. Yadro funksiyasini diskretlashtirish (kvadratura usuli bilan);

Misol:

Tenglama:
o) =1+ | (G- ()t
0

Bu yerda yadro: K(x,t)=x—t — yadro funksiyasi, ammo yechim kvadratik gatnashganligi

sababli butun tenglama chiziqli bo‘lmagan bo‘ladi.

Kvadratura usuli (masalan, to‘g‘ri burchaklar metodi) orgali bu integral:

| =@ de ~ Y e - )y x b
0 =

Bu yondashuv orqgali integralni hisoblash oddiy ko‘paytmalar va yig‘indilar bilan

almashtiriladi.
2. Boshlang‘ich yechim taxminini tanlash ((po(x)) ;

Integral tenglamani iteratsiya orqali yechishda boshlang‘ich taxmin muhim rol o‘ynaydi.

Eng oddiy holatda:

Misollar:

®o(x) =1 — barcha x uchun bir xil giymat
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@o(x) = x + 1 —chizigli funksiya
@ (x) = sin(x) — sillig, noliniy boshlang‘ich yechim
Bu yechimlar iteratsiyani boshlash uchun zarur va ular natijaga ta’sir qilishi mumkin.

3. Iteratsion formula asosida yangilash;

Har bir bosgichda yangi yechim quyidagi shaklda hisoblanadi:

Gne1 () = 1+ f (x — O)(@a(D))2dt

0

Bu iteratsion formula yordamida:
Oldingi iteratsiyadagi yechim ¢, (t)
Undan hosil gilingan integral
Yangilangan giymat ¢,,,, (x)
4. To‘xtash mezoniga asoslangan tugatish.

Iteratsion hisoblashni cheksiz davom ettirish kerak emas. Shuning uchun to‘xtash mezoni

belgilanadi:

Bu yerda e = 107" yoki 10™* kabi kichik son bo’ladi.
Misol:

max [@,1(x;)|< &
Bu yerda £ = 10~®yoki 10~*kabi kichik son bo‘ladi.

Agar barcha nuqtalarda yangi va eski qiymatlar o‘rtasidagi farq etarlilik darajasidan kichik
bo‘lsa, iteratsiya tugatiladi. Bu yechimning barqaror va yetarli aniglikda topilganini
bildiradi.
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Amaliy misol

Quyidagi Volterra turidagi integral tenglamani ko‘rib chigamiz:

o) =1+ f (p(0))? dt
0

Picard iteratsiyasi uchun:

Po(x) =1

p1(x) =1+ Jx(qJ(t))Z dt=1+x
0

X
1
<p2(x)=1+] ((1+t))2dt=1+§x3+x2+x
0

Ushbu iteratsiyalar tez konvergent bo‘lib, yechimga yaqinlashadi.
C#dagi dastur kodi

using System;

class NonlinearIntegralSolver

{

static void Main()

{
int N = 100; // nugtalar soni
double a=0.0, b = 1.0; // integrallash oraliq
double h = (b -a)/N; // gadam

int iterations = 5;

double[] x = new double[N + 1];
double[] phiOld = new double[N + 1];
double[] phiNew = new double[N + 1];
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// X to‘rni aniqlash va boshlang‘ich yechim: phiO(x) =1
for (inti=0;1<=N; i++)
{

X[i]=a+1*h;

phiOld[i] = 1.0;

/[ Iteratsion jarayon
for (int it = 1; it <= iterations; it++)
{
for (inti=0;1<=N; i++)
{
double sum = 0.0;
for (intj=0;j <=1, j++)
{
double phiSquared = phiOld[j] * phiOld[j];
sum += phiSquared * h;
}
phiNewl[i] = 1.0 + sum;

// phiNew — phiOld ni o‘tkazamiz
for (inti=0;i<=N; i++)
{

phiOld[i] = phiNewli];

Console.WriteLine($"Iteratsiya {it}: phi(1) = {phiNew[N]:F6}");
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// Natijani chigarish
Console.WriteLine("\nNatijaviy funksiyaning giymatlari:");
for (inti=0;i<=N;i+=10)
{
Console.WriteLine($"x = {x[i]:0.00}, phi(x) = {phiNew[i]:F6}");

Tteratsiya 1:
Iteratsiya 2:

Iteratsiya 3: ( !

4: phi(1l) ? 8,
5: phi{1) ? 12

iy funksiyaning
, phi P 1

» bt
[J.hi
3 phi
3 [J.hi
3 [J.hi
» phi
» bt
3 [J.hi
r [J.hi

Har bir iteratsiyada ¢(x)funksiyaning gqiymatlari yaxshilanadi va yechimga

yaginlashadi.

phi(1) giymatining tez o‘sishi bu masalaning chiziqli bo‘lmaganligidan dalolat

beradi.
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Xulosa: Chiziqli bo‘lmagan integral tenglamalarni sonli yechish dolzarb muammo
bo‘lib, fizik va texnik modellarni tahlil gilishda muhim ahamiyat kasb etadi. lteratsion
usullar, aynigsa Picard va Newton-Kantorovich metodlari — yechim olishda eng ko‘p
qo‘llaniladigan yondashuvlardir. Biroq har bir usulning konvergensiya va bargarorlik
xususiyatlarini sinchiklab tahlil qilish lozim. Kelgusida ushbu metodlar asosida

optimallashtirilgan algoritmlar ishlab chigilishi mumkin.
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