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Introduction: Vieta's theorem is a fundamental result in algebra that provides 

relationships between the roots and coefficients of a polynomial equation. While it is 

commonly applied in algebraic equations, it also finds interesting applications in 

geometry, particularly in coordinate geometry, triangle properties, and geometric 

transformations. This paper explores various geometric applications of Vieta’s 

theorem and how it facilitates problem-solving in plane geometry. 

Vieta’s Theorem: A Brief Overview 

Vieta’s theorem states that for a quadratic equation of the form: 
2 0x px q    

if and are the roots, then: 

1 2 1 2,x x p x x q    . 

This relationship extends to higher-degree polynomials, establishing 

connections between roots and coefficients. 

Applications in Geometry 

1. Triangle and Coordinate Geometry 

One of the primary applications of Vieta’s theorem in geometry is in solving 

problems related to the coordinates of triangle vertices. Consider a quadratic equation 

derived from a geometric property, such as the intersection of a line with a conic 

section. If the equation represents the x-coordinates of intersection points, Vieta’s 

theorem allows us to determine key relationships between these points. 

For example, if a parabola given by 2y ax bx c    intersects a line y mx n   

at two points  1 1,x y  and  2 2,x y , then from the quadratic equation formed by 

equating the expressions for , we obtain: 
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1 2 1 2,
b m c n

x x x x
a a

 
     

This result can be useful in finding the centroid, symmetry properties, and other 

geometric characteristics of the intersection points. 

Example 1: Find the x-coordinates of the intersection points of the parabola 
2 3 2y x x    and the line 1y x  . 

Solution: Equating the two equations: 
2 23 2 1 4 3 0x x x x x         

Using Vieta’s theorem, the sum of the roots is 4, and the multiplication is 3. The 

roots are 1x   and 3x  , which are the x-coordinates of the intersection points. 

2. Use in Finding Triangle Centers 

Vieta’s theorem can also be applied to find the centroid and other notable triangle 

centers. Suppose the roots of a quadratic equation represent x-coordinates of two 

vertices of a triangle, and the third vertex is known. Using Vieta’s theorem, we can 

derive relationships between the centroid’s coordinates and the coefficients of the 

equation. 

In a triangle with vertices at      1 1 2 2 3 3, , , , ,x y x y x y , the centroid G is given by: 

1 2 3 1 2 3, .
3 3

x x x y y y
G

    
 
 

 

If 1x  and 2x  satisfy a quadratic equation, their sum and product can be 

determined through Vieta’s theorem, simplifying centroid calculations. 

Example 2: Given that two vertices of a triangle have x-coordinates satisfying 

the equation 
2 5 6 0x x   , and the third vertex has 3 4x  , find the centroid’s x-

coordinate. 

Solution: Using Vieta’s theorem, the sum of the roots 1 2 5x x  . The centroid’s 

x-coordinate is: 

5 4
3.

3
xG


   

3. Intersection of Circles and Loci Problems 

Vieta’s theorem can assist in determining intersection points of geometric 

objects such as circles and parabolas. If two circles intersect, solving their system of 

equations results in a quadratic equation whose roots represent x-coordinates of the 

intersection points. Vieta’s theorem simplifies the calculation of these points, 

providing insights into their symmetry and alignment. 

For example, given two circles: 

solving for leads to a quadratic equation where Vieta’s theorem helps identify 

sum and product relations between the intersection points. 
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Example 3: Find the sum of the x-coordinates of the intersection points of 

circles: 

Solution: Expanding and subtracting the equations, we obtain the quadratic 

equation: 

Using Vieta’s theorem, the sum of the roots is , meaning the sum of the x-

coordinates of the intersection points is . 

4. Generalization to n-Dimensional Space 

Vieta’s theorem extends to higher-degree polynomials, which can be applied in 

n-dimensional space for various geometric problems. Consider an n-th degree 

polynomial: 
1

1 1 0... 0.n n

nx a x a x a

      

The sum and product of its roots follow generalized Vieta’s formulas: 

1 2 1... ,n nx x x a       

 1 2 0... 1 .
n

nx x x a   

A significant application of this in geometry is in the analysis of n-dimensional 

parallelepipeds. If we consider an n-dimensional right parallelepiped with side lengths 

1 2, ,..., ns s s , the volume is given by: 

1 2, ,..., .nV s s s  

If these side lengths are interpreted as the roots of an n-th degree polynomial, 

then by Vieta’s theorem, they satisfy: 

1 2 1... ,n ns s s a       

1 2 0... ( 1) .n

ns s s a   

This perspective allows us to analyze relationships between the geometric 

dimensions and the algebraic properties of the parallelepiped, facilitating volume and 

surface area calculations. 

Example 4: Consider a 3-dimensional parallelepiped with side lengths 

satisfying the cubic equation 3 26 11 6 0x x x    . Using Vieta’s theorem, we find 

that the sum of the side lengths is 6, and their multiplication (volume) is 6, confirming 

the algebraic-geometric relationship. 
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Conclusion: Vieta’s theorem is a powerful algebraic tool with significant 

applications in geometry. It provides an efficient method for solving coordinate 

geometry problems, determining triangle centers, and analyzing intersection points of 

geometric shapes. By leveraging the relationships between polynomial roots and 

coefficients, Vieta’s theorem offers a bridge between algebraic and geometric 

reasoning, simplifying complex geometric calculations. 
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