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Abstract. In this work, an algorithm for constructing the effective formula for
numerical computation of definite integrals in Ly”(0,1) space is given. Using this
algorithm, a derivative quadrature formula is constructed using the first and second
order derivatives of the function for equally distributed nodal points on the section
[0,1]. For this, the form of the norm of the optimal error functional is found.
Finding the conditional extremum of the function was used to minimize the norm
of the error function. A system of linear algebraic equations for optimal coefficients
1s obtained. It is proved that the solution of the system of equations exists and is
unique using the Wandermonde determinant. The formula constructed in this work
gives good results if the values of the derivatives of the function at the nodes are

given.

Keywords. Sobolev space, optimal error function, Lagrange multipliers,

Wandermonde determinant, derivative optimal quadrature formula.

INTRODUCTION

As a result of numerous scientific and practical researches carried out on a
global scale, modeling of synthesized holograms, mechanics of liquids and gases
leads to the construction of optimal quadrature formulas. Usually, the use of simple
interpolation quadrature formulas in solving such problems requires large-scale
computing. Therefore, creating optimal numerical solution algorithms that allow

calculating the solutions of typical problems in mathematics with sufficient
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accuracy and developing ways to use modern computing tools for this purpose, as
well as constructing optimal quadrature formulas derived in certain Gilbert and
Banach spaces and evaluating their errors are important tasks of computational
mathematics. is one of the directions. Nowadays, the construction of derivative
optimal quadrature formulas in the approximate calculation of exact integrals is of
great importance. In particular, using the values of the functions up to the second-
order derivative at the nodes in certain Gilbert and Banach spaces, the construction
of derivative optimal quadrature formulas and the estimation of their errors are
widely used. Professor Kh.M. Shadimetov and his students S.L. Sobolev’s research
n

continues, and new results are obtained on the construction of formulas in 75" (0,1,

L"(R), K{"(P) spaces [1]. We consider this formula
Igo(x)dx zﬁZN;co [Bleh) + %(co'(()) —p'()+ ;C (Bl ) (1)
this difference (1) is called the error of the quadrature formula
(Ly.0)= j:co(x)dx —Z G [Blprp) —g(co'(O) -o'() —ZC] [Blp"(hp)
the error functional corresponding to this difference is
Ly (%) = g, () - ﬂzc [Bl5Cx—hp) +%(6'(x> —5'(x=1))- ﬁZc [BP"(x=hp), (2)

where, s(x) 1s the Dirac’s delta-function, ¢, (x)1s the characteristic function of
the interval [0,1], ¢[g] are the unknown coefficients of the quadrature formula (1),
feLy 1), L) is the space of functions which are square integrable with »-th

generalized derivative.
The problem of constructing a derived quadrature formula of the form (1) in

the £”(0,1) space is given [2].

ANALYTICAL EXPRESSIONS FOR THE COEFFICIENTS OF THE
QUADRATIC FORMULA

To find the coefficients of the derivative optimal quadrature formula, we have

https://scientific-jl.com/ 20-to’plam 2-son Iyun 2025

170


https://journal-web.uz/

Yangi O'zbekiston taraqqiyotida tadqiqotlarni o'rni va rivojlanish omillari

the following system of equations [22]

| ,B |2m 5 B -
Z Cly ]—2(2 St oD = 1,08, B=0N, (3)
2m=5 (hﬂ)Zm 5—i _Bi+3hi+3 i (_1)1'Bi+3_jhi+3a/’ 2m thm 2
Su(hF)= Z —i)! (i+3)!+; 21 +3—j)! T em-2) (4)
s N a'Ba+3 jha+3 / _ _

To solve a system of linear algebraic equations (3) - (5) with m>4 in £,"(0,1)
space, we use the approach based on b ,[p] discrete analog of &*2/ax
differential operator. For this, s<0 and g>n~ are c[g]=0, and we rewrite equation
(3) in the convolutional form

G, (WB*CIBI1+ B, (hB) = F,(hp),  B=0L...N (6)
and enter the following definitions:

WhpB) =G, (hB)*ClAI, (7)

u(hp) = v(hB)+ B, ,(hp) (8)
D,,[B] discrete analogue of &> */a* differential operator satisfying

mD, ,(hB)*G, ,(hB)=5(hp) equality was constructed and its properties were studied.
CLB1=hD, ,(hf)*u(hp). )
To calculate the convolution of (7), we need to find the representation of the

function «(np) for all integer values of g. If npef0,11, wnp)=7, B . For p<o and
p>N we find the representation of u(4p).
For p<o

B zcl[},]\(hﬂ)—(h}’)l o

v(hpB)=C[B1*G, ,(hB)=C[B]* 22m—3)! 220m-5)

_R BN B BT RS (D ,-
;2(2}7[ 5— l)' I'Z '(l+3 ])l l_Zz2(2m_5_l.)!.i!;cl[7](h7)-

for p>n

_ A B W RS (py (D)
V(hB) ;Z(Zm—S - l'z JlE+3- ) iZ 22m—-5-i)!-i 'Z 7y
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We introduce the following definitions

RGP B
Ron-s (1) ;2(2;"—5—1')! l'z JWi+3- )
0= X (),1) ,Z i) (10)
after these designations
R, s(hp)=0,(hp),  B<O,
h — 2m-5 m-3 11
e {—Rzm_s (hp)+0, s(hB), B> N. (n
So,
R, s(hf)+Q, 5 (hp), B <0,
u(hf)=1F,(hpB) , 0<B<N, (12)
Ry, s(hB)+ 0, s (hp), B <0,
where

0,5(hp)=PF, ;(hB)-0, s(hB), (13)
Q;;—z, (hp)= P, (hp)+ Qm—3 (hpB).

0, .(hp) va Q. ,(hp) are unknown polynomials of degree (m-3).
Theorem. c[p), p=1,2,...N-1 coefficients of derivative optimal quadrature

formula of form (1) for m>4 in £”(0,1) space have the following form [3,4,5]
Cl[ﬂ]=h3§(akqf+bkq,iv’ﬂ), B=12,.,N-1 (14)
So, ¢[p) optimal coefficients depend on 2m-6 unknowns, and 2m-6 systems
of equations are needed to determine them. First we find from equation (5) the

expression of the coefficients ¢ [0], ¢ [~] for =0 and a=1

CI01=-> GBIAB) - Y AL, (15)
p=1 B=1

CIN=-> CLAHA). (16)
1

It can be seen from equations (15) and (16) that coefficients c[o] and ¢ [~]
are expressed using coefficients ¢[B] (8=LN-1). Therefore, we find the
coefficients ¢ [0] and ¢[n]. For this, we calculate the following sum in the system

of equations (3)
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2m-5

|(hB) = (hy)|

S = ZC[y]sz((hﬂ) (hy))= ZC[] 23]

2m-5

£ (hﬁ) (y))“” y ((hB)—(hy))
Z —5)! _;C‘[ 202m—5)!

(hﬂ)z'“ . (hﬂ) (y))”’s ((hB)—(hp))"™ (hB)>"
5),2[] =) ;[] 2am—s =G S —s (17)

=1

We simplify the sums s, and s, in the last expression

BT S 4q, R ; b, o
5 - jz_(;j!(Zm—S—j){Z Z( _J A0 +z Z[l qJ AO] (18)

k=1 9 — 1 Y1-q, =

we will simplify the sum of s,. For this, using the orthogonality condition (5),

we obtain the following

:i ””Zf(hﬂ)z“/( hyy _
2712m—-5-))!

B 2m=5 (hﬂ)zm—s—j(_l)j N ; _m—3 (hﬂ)Zm—S—j(_l)j J j+3 h/+3 i
_j;Z2j!(2m—5—j)!;cl[y](h7) ;2j!(2m—5—j)!; nG3-i (19)

putting equations (18), (19) into (17), we get the following sum

(hﬂ)zm -5 2m Sh‘i+3(hﬂ)2m 5-j | m=3 a,q, 2m-5 i o
>l an ) Z‘j!(zm—s—j)[zlqk Z[qk—lj w

m=3 N 2m-5 i o 2m—-5 2m-5-j J m=3 2m=5-j ¢ 1\/ J h/+3 i
LS Z( A J I Q) ZC Y + Z(hp) D 5 B
=1-q, ='\1-¢q, 2j'2m-5- =2j12m—5— j)!4= l’(]+3 i)!

Jj=m=2

(20)
CONCLUSION

It is known that numerical analytical solutions of differential equations and
integral equations formed in mathematical modeling of natural processes are
expressed by optimal quadrature and cubature formulas and are the research object
of numerical algebra, numerical integration theory and other similar issues. In this
regard, it is important to calculate the approximation of exact integrals, as well as
to estimate their errors in the Gilbert and Banach spaces of differentiable functions,

to construct derivative optimal quadrature formulas. In this work, using the
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algorithm proposed by Sobolev, a new derived optimal quadrature formula was

constructed.
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